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1 Hyperdual numbers

This memo briefly describes the implementation of hyperdual numbers for the purpose of differ-
entiation. The concept of hyperdual numbers is described by Rehner and Bauer [2] and Fike and
Alonso [1].

Third order hyperdual number,

x = x0 + x1ϵ1 + x2ϵ2 + x3ϵ3 + x12ϵ12 + x13ϵ13 + x23ϵ23 + x123ϵ123 (1)

The exact Taylor expansion of f(x, y, z) using hyperdual numbers,

f (x+ ϵ1, y + ϵ2, z + ϵ3) = f0 + f0
xϵ1 + f0

y ϵ2 + f0
z ϵ3

+ f0
xyϵ1ϵ2 + f0

xzϵ1ϵ3 + f0
yzϵ2ϵ3

+ f0
xyzϵ1ϵ2ϵ3 (2)

Taylor expansion of function f(x) yields

f(x) = f(x0) + f ′(x0)x1ϵ1 + f ′(x0)x2ϵ2 + f ′(x0)x3ϵ3

+ f ′(x0)x12ϵ12 + f ′(x0)x13ϵ13 + f ′(x0)x23ϵ23

+ f ′(x0)x123ϵ123

+ f ′′(x0)x1x2ϵ1ϵ2 + f ′′(x0)x1x3ϵ1ϵ3 + f ′′(x0)x2x3ϵ2ϵ3

+ f ′′(x0)x1x23ϵ1ϵ23 + f ′′(x0)x12x3ϵ12ϵ3 + f ′′(x0)x2x13ϵ2ϵ13

+ f ′′′(x0)x1x2x3ϵ1ϵ2ϵ3. (3)

Note that the prefactors 1/2 and 1/3 cancels. Gathering terms,

f(x) = f(x0) + f ′(x0)x1ϵ1 + f ′(x0)x2ϵ2 + f ′(x0)x3ϵ3

+

(
f ′(x0)x12 + f ′′(x0)x1x2

)
ϵ1ϵ2

+

(
f ′(x0)x13 + f ′′(x0)x1x3

)
ϵ1ϵ3

+

(
f ′(x0)x23 + f ′′(x0)x2x3

)
ϵ2ϵ3

+

(
f ′(x0)x123 + f ′′(x0)

(
x1x23 + x12x3 + x2x13

)
+ f ′′′(x0)x1x2x3

)
ϵ1ϵ2ϵ3. (4)
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Multiplication of two numbers,

xy = x0y0 + (x0y1 + x1y0) ϵ1 + (x0y2 + x2y0) ϵ2 + (x0y3 + x3y0) ϵ3

+ (x0y12 + x12y0 + x1y2 + x2y1) ϵ1ϵ2

+ (x0y13 + x13y0 + x1y3 + x3y1) ϵ1ϵ3

+ (x0y23 + x23y0 + x3y2 + x2y3) ϵ2ϵ3

+ (x0y123 + x123y0 + x12y3 + x3y12 + x13y2 + x2y13 + x23y1 + x23y1) ϵ1ϵ2ϵ3. (5)

1.1 Needed differenitials

Differentials to third order is required for the most common functions.

1.1.1 Exponential function (exp(x))

f(x) = exp(x) = f ′(x) = f ′′(x) = f ′′′(x) (6)

1.1.2 Sine function (sin(x))

f(x) = sin(x) (7)

f ′(x) = cos(x) (8)

f ′′(x) = − sin(x) (9)

f ′′′(x) = − cos(x) (10)

1.1.3 Cosine function (cos(x))

f(x) = cos(x) (11)

f ′(x) = − sin(x) (12)

f ′′(x) = − cos(x) (13)

f ′′′(x) = sin(x) (14)

1.1.4 Tangent function (tan(x))

f(x) = tan(x) (15)

f ′(x) = sec2(x) = tan2(x) + 1 (16)

f ′′(x) = 2 tan(x) sec2(x) (17)

f ′′′(x) = 2 sec2(x)(sec2(x) + 2 tan2(x)) (18)

1.1.5 Natural logarithm (log(x))

f(x) = log(x) (19)

f ′(x) =
1

x
(20)

f ′′(x) = − 1

x2
(21)

f ′′′(x) =
2

x3
(22)



1.1.6 Inverse cosine function (acos(x))

f(x) = acos(x) (23)

f ′(x) = − 1√
1 + x2

(24)

f ′′(x) = − x

(1− x2)3/2
(25)

f ′′′(x) =
−2x2 − 1

(1− x2)5/2
(26)

1.1.7 Inverse sine function (asin(x))

f(x) = asin(x) (27)

f ′(x) =
1√

1 + x2
(28)

f ′′(x) =
x

(1− x2)3/2
(29)

f ′′′(x) =
2x2 + 1

(1− x2)5/2
(30)

1.1.8 Inverse tangent function (atan(x))

f(x) = atan(x) (31)

f ′(x) =
1

1 + x2
(32)

f ′′(x) =
−2x

(x2 + 1)2
(33)

f ′′′(x) =
6x2 − 2

(x2 + 1)3
(34)

1.1.9 Power function (xa)

f(x) = xa (35)

f ′(x) = axa−1 (36)

f ′′(x) = a(a− 1)xa−2 (37)

f ′′′(x) = a(a− 1)(a− 2)xa−3 (38)
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