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1 Introduction
This memo was written when implementing the SAFT-VR Mie equation of state [8], and
contains SAFT-VR Mie equations and differentials. The equations used for the extension of
SAFT-VR Mie to support Feynman-Hibbs quantum corrected poteitials [2, 1] as well as some
equations used in the work of Hammer et al. [6] are included.

SAFT-VR Mie is a thermodynamic perturbtion theory in the Baker-Henderson [3, 4]
framework.

2 Model
The Mie potential,

uMie (r) = Cε
((σ

r

)λr
−
(σ
r

)λa
)
, (1)

where,

C =
λr

λr − λa

(
λr
λa

) λa
λr−λa

, (2)

The resulting Helmholtz free energy function is comprised of the four main parts,

A = Aid +Amono +Achain +Aassoc, (3)

where the ideal and association part is similar to what we have been using. In the following
it is used lower caps letter for the reduced Helmholtz energy.

2.1 Differentials

As we will see, the various expressions for a, are described as functions of the packing fraction,
η, and the reduced centre-centre distance for two hard spheres, x0. There are also direct



dependence to T . The differentials will be calculated based on η and x0, and the use of the
chain rule to get differentials in V etc. We use the following dependencies,

a =a (η, x0) (4)
η =η (V, T,n) (5)
x0 =x0 (T ) (6)

giving,
a = a (η (V, T,n) , x0 (T ) , T ) . (7)

Looking ahead to Equation 141 and 139, it is seen that some third order differentials is needed
as well for a1 and a2.

3 Monomer contribution to the Mie fluid
The reduced monomer Helmholtz energy consists of a series expansion to third order in
β = 1/(kBT ). The monomer contribution is a function of monomer number density. The
monomer segment number ms, is the number of segments per molecule. We therefore have
Ns = msN , where N is the number of molecules. We use,

amono = msa
m = ms

Am

NskBT
. (8)

The monomer expansion becomes,

am = aHS + βa1 + β2a2 + β3a3. (9)

3.1 Hard-sphere diameter

The hard-sphere reduced Helmholtz free energy is given by the Carnahan and Starling EOS,

aHS =
4η − 3η2

(1− η)2
. (10)

Where,

η =
ρsπ

(
dHS)3
6

=
πNAmsn

(
dHS)3

6V
, (11)

and dHS is the hard-sphere diameter. The hard-sphere diameter used by [8], is given as

dHS =

∫ σ

0

[
1− exp

(
−βuMie (r)

)]
dr. (12)

Here β = 1/ (kT ). This function is impossible to integrate analytically, and must be ap-
proximated in order to have an explicit formulation. According to Papaioannou et al. [10]
a 5 point Gauss-Legendre quadrature is applied for the SAFT-VR Mie EOS, as shown by
Paricaud [11]. There is a slight mismatch between the papers, Paricaud [11] evaluates 10
points, and refers to the method as ten-point, while Papaioannou et al. [10] refers to this as
a 5 point quadrature. It is believed to be a 10 point quadrature.



The Gauss-Legendre quadrature is for integration in the interval [-1,1]. To fit with our
problem, the quadrature would take the following form, using x = r/σ,

dHS =
σ

2

∫ 1

−1

[
1− exp

(
−βuMie

(σ
2
x+

σ

2

))]
dx (13)

≈ σ

2

n∑
i=1

wi

[
1− exp

(
−βuMie

(σ
2
xi +

σ

2

))]
(14)

Index xi wi

1 -0.973906528517171720078 0.0666713443086881375936
2 -0.8650633666889845107321 0.149451349150580593146
3 -0.6794095682990244062343 0.219086362515982043996
4 -0.4333953941292471907993 0.2692667193099963550912
5 -0.1488743389816312108848 0.2955242247147528701739
6 0.1488743389816312108848 0.295524224714752870174
7 0.4333953941292471907993 0.269266719309996355091
8 0.6794095682990244062343 0.2190863625159820439955
9 0.8650633666889845107321 0.1494513491505805931458
10 0.973906528517171720078 0.0666713443086881375936

Table 1: Gauss-Legendre quadrature points

The quadrature approach was tested using methane parameters (λr = 12.650, λa = 6.0,
ε/kB = 153.36 (K), σ = 3.7412 (Å)) at T = 300.0 (K), revealed an error in the order 10−5,
using 10 point Gauss Legendre quadrature.

It is noted that the first 5 nodes all evaluate to unity, and the contribution from the
exponential term is lost in numerical truncation.



3.1.1 Differential terms

Differentials of η:
∂η

∂V
=− η

V
, (15)

∂2η

∂V 2
=
2η

V 2
, (16)

∂3η

∂V 3
=− 6η

V 3
, (17)

∂η

∂T
=
3η

d

∂d

∂T
, (18)

∂2η

∂T 2
=
6η

d2

(
∂d

∂T

)2

+
3η

d

∂2d

∂T 2
, (19)

∂2η

∂V ∂T
=− 1

V

∂η

∂T
, (20)

∂3η

∂V 2∂T
=

2

V 2

∂η

∂T
, (21)

∂3η

∂T 2∂V
=− 1

V

∂2η

∂T 2
. (22)

(23)

Differentials for a = ηã simply become,

aXi =ηXi ã+ ηãXi , (24)
aXiXj =ηXiXj ã+ ηXi ãXj + ηXj ãXi + ηãXiXj , (25)

aXiXjXk
=ηXiXjXk

ã+ ηXiXj ãXk
+ ηXiXk

ãXj + ηXi ãXjXk

+ ηXjXk
ãXi + ηXj ãXiXk

+ ηXk
ãXiXj + ηãXiXjXk

. (26)

Differentials of d, allowing for a temperature dependent uMie:

∂d

∂T
=
βσ

2

n∑
i=1

wi

(
∂uMie

i

∂T
− uMie

i

T

)
exp

(
−βuMie

i

)
, (27)

∂2d

∂T 2
=
βσ

2

n∑
i=1

wi

[
−β

(
∂uMie

i

∂T
− uMie

i

T

)2

+

(
∂2uMie

i

∂T 2
− 2uMie

i

T 2
− 2

T

∂uMie
i

∂T

)]
exp

(
−βuMie

i

)
(28)

Differentials of the hard-sphere term:
∂aHS

∂η
=− 2 ((η − 2)

(1− η)3
, (29)

∂2aHS

∂η2
=
10− 4η

(1− η)4
. (30)

3.2 First order monomer perturbation

The first-order perturbation term is calculated from,

a1 = 2πρs

∫ ∞

σ
gHS

d (r)uMie (r) r2dr. (31)



Here gHS
d is the reference hard-sphere radial-distribution-function (RDF), approximated as

gHS
d (d) =

1− η/2

(1− η)3
. (32)

Lafitte et al. [8] developed an algebraic approximation to a1,

a1 = C
[
xλa
0

(
aS
1 (η;λa) +B (η;λa)

)
− xλr

0

(
aS
1 (η;λr) +B (η;λr)

)]
. (33)

Here x0 = σ/d, and aS
1 is the Helmholtz free energy of the hard-core Sutherland particle,

aS
1 (η;λ) = −12εη

(
1

λ− 3

)
1− ηeff (η;λ) /2

(1− ηeff (η;λ))
3 , (34)

where,
ηeff (η;λ) = c1 (λ) η + c2 (λ) η

2 + c3 (λ) η
3 + c4 (λ) η

4, (35)

is a correlation valid for 5 < λ ≤ 100. The coefficients are given from,
c1
c2
c3
c4

 =


0.81096 1.7888 −37.578 92.284
1.0205 −19.341 151.26 −463.50
−1.9057 22.845 −228.14 973.92
1.0885 −6.1962 106.98 −677.64




1
1/λ
1/λ2

1/λ3

 . (36)

B is calculated as follows,

B (η;λ) = 12ηε

(
1− η/2

(1− η)3
Iλ (λ)−

9η (1 + η)

2 (1− η)3
Jλ (λ)

)
, (37)

= 6ηε (kI (η) Iλ (λ) + kJ (η) Jλ (λ)) . (38)

Here,

Iλ (λ) = −x
(3−λ)
0 − 1

λ− 3
, (39)

Jλ (λ) = −x
(4−λ)
0 (λ− 3)− x

(3−λ)
0 (λ− 4)− 1

(λ− 3) (λ− 4)
, (40)

and,

kI (η) =
2− η

(1− η)3
, (41)

kJ (η) = −9η (1 + η)

(1− η)3
. (42)

Looking ahead to the mixture formulation, a reduced property is defined,

ã =
a

η
. (43)

This gives,

ã1 = C
[
xλa
0

(
ãS
1 (η;λa) + B̃ (η;λa)

)
− xλr

0

(
ãS
1 (η;λr) + B̃ (η;λr)

)]
. (44)



3.2.1 Differential terms

Differentials of ηeff:

∂ηeff
∂η

=c1,λ + 2c2,λη + 3c3,λη
2 + 4c4,λη

3, (45)

∂2ηeff
∂η2

=2c2,λ + 6c3,λη + 12c4,λη
2, (46)

∂3ηeff
∂η3

=6c3,λ + 24c4,λη. (47)

Differentials of ãS
1 :

∂ãS
1

∂η
=

(
6ε

λ− 3

)
(2ηeff − 5)

(1− ηeff)
4

∂ηeff
∂η

, (48)

∂2ãS
1

∂η2
=

(
6ε

λ− 3

)[
2ηeff − 5

(1− ηeff)
4

∂2ηeff
∂η2

+
6 (ηeff − 3)

(1− ηeff)
5

(
∂ηeff
∂η

)2
]
, (49)

∂3ãS
1

∂η3
=

(
6ε

λ− 3

)[
(2ηeff − 5)

(1− ηeff)
4

∂3ηeff
∂η3

+
12 (7− 2ηeff)

(1− ηeff)
6

(
∂ηeff
∂η

)3

+
18 (ηeff − 3)

(1− ηeff)
5

∂ηeff
∂η

∂2ηeff
∂η2

]
.

(50)

Differentials of B̃:

∂i+jB̃

∂ηi∂xj0
=6ε

(
∂ikI
∂ηi

∂jIλ
∂x0j

+
∂ikJ
∂ηi

∂jJλ
∂x0j

)
. (51)

Differentials of kI and kJ :
∂kI
∂η

=
5− 2η

(1− η)4
, (52)

∂2kI
∂η2

=
6 (3− η)

(1− η)5
, (53)

∂3kI
∂η3

=
12 (7− 2η)

(1− η)6
, (54)

∂kJ
∂η

= −
9
(
η2 + 4η + 1

)
(1− η)4

, (55)

∂2kJ
∂η2

= −
18
(
η2 + 7η + 4

)
(1− η)5

, (56)

∂3kJ
∂η3

= −
54
(
η2 + 10η + 9

)
(1− η)6

. (57)

Differentials of Iλ:

∂Iλ
∂x0

=x
(2−λ)
0 , (58)

∂2Iλ
∂x02

=(2− λ)x
(1−λ)
0 . (59)



Differentials of Jλ:
∂Jλ
∂x0

=x
(3−λ)
0 − x

(2−λ)
0 , (60)

∂2Jλ
∂x02

=(3− λ)x
(2−λ)
0 − (2− λ)x

(1−λ)
0 . (61)

Differentials of ã1 then becomes:
∂ã1
∂x0

=C
[
λax

(λa−1)
0

(
ãS
1λa + B̃λa

)
− λrx

(λr−1)
0

(
ãS
1λr + B̃λr

)
+xλa

0

∂B̃λa

∂x0
− xλr

0

∂B̃λr

∂x0

]
, (62)

∂2ã1
∂x02

=C
[
λa (λa − 1)x

(λa−2)
0

(
ãS
1λa + B̃λa

)
− λr (λr − 1)x

(λr−2)
0

(
ãS
1λr + B̃λr

)
+2λax

(λa−1)
0

∂B̃λa

∂x0
− 2λrx

(λr−1)
0

∂B̃λr

∂x0
+ xλa

0

∂2B̃λa

∂x02
− xλr

0

∂2B̃λr

∂x02

]
, (63)

∂ã1
∂η

=C

[
xλa
0

(
∂ãS

1λa

∂η
+

∂B̃λa

∂η

)
− xλr

0

(
∂ãS

1λr

∂η
+

∂B̃λr

∂η

)]
, (64)

∂2ã1
∂η2

=C

[
xλa
0

(
∂2ãS

1λa

∂η2
+

∂2B̃λa

∂η2

)
− xλr

0

(
∂2ãS

1λr

∂η2
+

∂2B̃λr

∂η2

)]
, (65)

∂3ã1
∂η3

=C

[
xλa
0

(
∂3ãS

1λa

∂η3
+

∂3B̃λa

∂η3

)
− xλr

0

(
∂3ãS

1λr

∂η3
+

∂3B̃λr

∂η3

)]
, (66)

∂2ã1
∂η∂x0

=C

[
λax

(λa−1)
0

(
∂ãS

1λa

∂η
+

∂B̃λa

∂η

)
− λrx

(λr−1)
0

(
∂ãS

1λr

∂η
+

∂B̃λr

∂η

)

+xλa
0

∂2B̃λa

∂x0∂η
− xλr

0

∂2B̃λr

∂x0∂η

]
, (67)

∂3ã1
∂η2∂x0

=C

[
λax

(λa−1)
0

(
∂ãS

1λa

∂η
+

∂B̃λa

∂η

)
− λrx

(λr−1)
0

(
∂ãS

1λr

∂η
+

∂B̃λr

∂η

)

+xλa
0

∂2B̃λa

∂x0∂η
− xλr

0

∂2B̃λr

∂x0∂η

]
, (68)

∂3ã1
∂x02∂η

=C

[
λa (λa − 1)x

(λa−2)
0

(
∂ãS

1λa

∂η
+

∂B̃λa

∂η

)
− λr (λr − 1)x

(λr−2)
0

(
∂ãS

1λr

∂η
+

∂B̃λr

∂η

)

+2λax
(λa−1)
0

∂2B̃λa

∂x0∂η
− 2λrx

(λr−1)
0

∂2B̃λr

∂x0∂η
+ xλa

0

∂3B̃λa

∂x02∂η
− xλr

0

∂3B̃λr

∂x02∂η

]
. (69)

Differentials of x0,
∂x0
∂T

= −x0
d

∂d

∂T
, (70)

∂2x0
∂T 2

= −2

d

∂x0
∂T

∂d

∂T
− x0

d

∂2d

∂T 2
. (71)



Using e for η, and x for x0, and simplifying the differential notation (aT = ∂a/∂T ), the η
and x0 differential can be converted to TV differentials. If we have a(e(T, V ), x(T )), the
differentials become,

aT =aeeT + axxT , (72)
aTT =aeee

2
T + 2aexeTxT + aeeTT + axxx

2
T + axxTT , (73)

aV =aeeV , (74)
aV V =aeee

2
V + aeeV V , (75)

aV V V =aeeee
3
V + 3aeeeV eV V + aeeV V V , (76)

aV T =aeeeV eT + aeeV T + aexeV xT , (77)
aV V T =aeeee

2
V eT + aeeeV V eT + 2aeeeV eV T + aeeV V T + aeexe

2
V xT + aexeV V xT , (78)

aV TT =aeeeeV e
2
T + 2aeeeT eV T + 2aeexeV eTxT + 2aexeV TxT

+ aeeeTT + aeeV TT + aexxeV x
2
T + aexeV xTT . (79)

3.3 Second order monomer perturbation

The second order monomer perturbation is given as,

a2 =
1

2
KHS (1 + χ) εC2

[
x2λa
0

(
aS
1 (η; 2λa) +B (η; 2λa)

)
(80)

− 2xλa+λr
0

(
aS
1 (η;λa + λr) +B (η;λa + λr)

)
(81)

+x2λr
0

(
aS
1 (η; 2λr) +B (η; 2λr)

)]
. (82)

Here,

KHS =
(1− η)4

1 + 4η + 4η2 − 4η3 + η4
, (83)

and,
χ = f1 (α) ζ̄x + f2 (α)

(
ζ̄x
)5

+ f3 (α)
(
ζ̄x
)8

. (84)

Here ζ̄x is temperature independent and defined as,

ζ̄x = ηx30 =
πNAmsσ

3

6V
. (85)

α is given as,

α = C
(

1

λa − 3
− 1

λr − 3

)
, (86)

and fi (α) is given from,

fi (α) =

∑n=3
n=0 φi,nα

n

1 +
∑n=6

n=4 φi,nαn−3
i ∈ 1, . . . , 6. (87)



n φ1,n φ2,n φ3,n φ4,n φ5,n φ6,n φ7,n

0 7.5365557 -359.44 1550.9 -1.19932 -1911.28 9236.9 10
1 -37.60463 1825.6 -5070.1 9.063632 21390.175 -129430 10
2 71.745953 -3168.0 6534.6 -17.9482 -51320.7 357230 0.57
3 -46.83552 1884.2 -3288.7 11.34027 37064.54 -315530 -6.7
4 -2.467982 -0.82376 -2.7171 20.52142 1103.742 1390.2 -8
5 -0.50272 -3.1935 2.0883 -56.6377 -3264.61 -4518.2 …
6 8.0956883 3.7090 0 40.53683 2556.181 4241.6 …

Table 2: φi,n coefficients

3.3.1 Differential terms

Differentials of KHS:

∂KHS

∂η
=

4
(
η2 − 5η − 2

)
(1− η)3

(1 + 4η + 4η2 − 4η3 + η4)2
, (88)

∂2KHS

∂η2
=
4
(
3η6 − 30η5 + 77η4 − 80η3 + 39η2 + 82η + 17

)
(1− η)2

(1 + 4η + 4η2 − 4η3 + η4)3
, (89)

∂3KHS

∂η3
=
48
(
η10 − 15η9 + 77η8 − 210η7 + 372η6 − 352η5 + 238η3 − 109η2 − 97η − 13

)
(1− η)

(1 + 4η + 4η2 − 4η3 + η4)4
.

(90)

Differentials of χ:

∂χ

∂ζ̄x
=f1 (α) + 5f2 (α) ζ̄

4
x + 8f3 (α) ζ̄

7
x, (91)

∂2χ

∂ζ̄2x
=20f2 (α) ζ̄

3
x + 56f3 (α) ζ̄

6
x, (92)

∂3χ

∂ζ̄3x
=60f2 (α) ζ̄

2
x + 336f3 (α) ζ̄

5
x. (93)

The ζ̄x differentials become,

∂ζ̄x
∂V

=− ζ̄x
V
, (94)

∂2ζ̄x
∂V 2

=
2ζ̄x
V 2

, (95)

∂3ζ̄x
∂V 3

=− 6ζ̄x
V 3

. (96)

a2 is split before differentiating, as the second and third order differentials will become ugly.
Since χ is a function of ζ̄x, and not η and x0, it will is best to separate the differentials from



χ and the rest of the terms.

a2 =a2,1a2,2, (97)

a2,1 =
1

2
KHS (1 + χ) εC2, (98)

a2,2 =x2λa
0

(
aS
1(2λa)

+B(2λa)

)
− 2xλa+λr

0

(
aS
1(λa+λr)

+B(λa+λr)

)
+ x2λr

0

(
aS
1(2λr)

+B(2λr)

)
,

(99)

ā2,1 =
a2,1
1 + χ

, (100)

a2,χ =ā2,1a2,2. (101)
(102)

The differentials of ā2,1 simply becomes:

∂ā2,1
∂η

=
εC2

2

∂KHS

∂η
, (103)

∂2ā2,1
∂η2

=
εC2

2

∂2KHS

∂η2
, (104)

∂3ā2,1
∂η3

=
εC2

2

∂3KHS

∂η3
. (105)



Differentials of a2,2 then becomes:

∂a2,2
∂x0

=2λax
(2λa−1)
0

(
aS
1(2λa)

+B(2λa)

)
− 2 (λa + λr)x

(λa+λr−1)
0

(
aS
1(λa+λr)

+B(λa+λr)

)
+ 2λrx

(2λr−1)
0

(
aS
1(2λr)

+B(2λr)

)
+ x2λa

0

∂B(2λa)

∂x0
− 2xλa+λr

0

∂B(λa+λr)

∂x0
+ x2λr

0

∂B(2λr)

∂x0
, (106)

∂2a2,2
∂x02

=2λa (2λa − 1)x
(2λa−2)
0

(
aS
1(2λa)

+B(2λa)

)
− 2 (λa + λr) (λa + λr − 1)x

(λa+λr−2)
0

(
aS
1(λa+λr)

+B(λa+λr)

)
+ 2λr (2λr − 1)x

(2λr−2)
0

(
aS
1(2λr)

+B(2λr)

)
+ x2λa

0

∂2B(2λa)

∂x02
− 2xλa+λr

0

∂2B(λa+λr)

∂x02
+ x2λr

0

∂2B(2λr)

∂x02

+ 4λax
(2λa−1)
0

∂B(2λa)

∂x0
− 4 (λa + λr)x

(λa+λr−1)
0

∂B(λa+λr)

∂x0
+ 4λrx

(2λr−1)
0

∂B(2λr)

∂x0
(107)

∂a2,2
∂η

=x2λa
0

(
∂aS

1(2λa)

∂η
+

∂B(2λa)

∂η

)
− 2xλa+λr

0

(
∂aS

1(λa+λr)

∂η
+

∂B(λa+λr)

∂η

)

+ x2λr
0

(
∂aS

1(2λr)

∂η
+

∂B(2λr)

∂η

)
, (108)

∂2a2,2
∂η2

=x2λa
0

(
∂2aS

1(2λa)

∂η2
+

∂2B(2λa)

∂η2

)
− 2xλa+λr

0

(
∂2aS

1(λa+λr)

∂η2
+

∂2B(λa+λr)

∂η2

)

+ x2λr
0

(
∂2aS

1(2λr)

∂η2
+

∂2B(2λr)

∂η2

)
, (109)

∂3a2,2
∂η3

=x2λa
0

(
∂3aS

1(2λa)

∂η3
+

∂3B(2λa)

∂η3

)
− 2xλa+λr

0

(
∂3aS

1(λa+λr)

∂η3
+

∂3B(λa+λr)

∂η3

)

+ x2λr
0

(
∂3aS

1(2λr)

∂η3
+

∂3B(2λr)

∂η3

)
, (110)

∂2a2,2
∂η∂x0

=2λax
(2λa−1)
0

(
∂aS

1(2λa)

∂η
+

∂B(2λa)

∂η

)
− 2 (λa + λr)x

(λa+λr−1)
0

(
∂aS

1(λa+λr)

∂η
+

∂B(λa+λr)

∂η

)

+ 2λrx
(2λr−1)
0

(
∂aS

1(2λr)

∂η
+

∂B(2λr)

∂η

)

+ x2λa
0

∂2B(2λa)

∂x0∂η
− 2xλa+λr

0

∂2B(λa+λr)

∂x0∂η
+ x2λr

0

∂2B(2λr)

∂x0∂η
, (111)



∂3a2,2
∂η2∂x0

=2λax
(2λa−1)
0

(
∂2aS

1(2λa)

∂η2
+

∂2B(2λa)

∂η2

)
− 2 (λa + λr)x

(λa+λr−1)
0

(
∂2aS

1(λa+λr)

∂η2
+

∂2B(λa+λr)

∂η2

)

+ 2λrx
(2λr−1)
0

(
∂2aS

1(2λr)

∂η2
+

∂2B(2λr)

∂η2

)

+ x2λa
0

∂3B(2λa)

∂η2∂x0
− 2xλa+λr

0

∂3B(λa+λr)

∂η2∂x0
+ x2λr

0

∂3B(2λr)

∂η2∂x0
, (112)

∂3a2,2
∂x02∂η

=2λa (2λa − 1)x
(2λa−2)
0

(
∂aS

1(2λa)

∂η
+

∂B(2λa)

∂η

)

− 2 (λa + λr) (λa + λr − 1)x
(λa+λr−2)
0

(
∂aS

1(λa+λr)

∂η
+

∂B(λa+λr)

∂η

)

+ 2λr (2λr − 1)x
(2λr−2)
0

(
∂aS

1(2λr)

∂η
+

∂B(2λr)

∂η

)

+ 4λax
(2λa−1)
0

∂2B(2λa)

∂x0∂η
− 4 (λa + λr)x

(λa+λr−1)
0

∂2B(λa+λr)

∂x0∂η
+ 4λrx

(2λr−1)
0

∂2B(2λr)

∂x0∂η

+ x2λa
0

∂3B(2λa)

∂x02∂η
− 2xλa+λr

0

∂3B(λa+λr)

∂x02∂η
+ x2λr

0

∂3B(2λr)

∂x02∂η
. (113)

Combining ā2,1 and a2,2, using a2,χ = ā2,1a2,2,

∂a2,χ
∂x0

=ā2,1
∂a2,2
∂x0

, (114)

∂2a2,χ
∂x02

=ā2,1
∂2a2,2
∂x02

, (115)

∂a2,χ
∂η

=ā2,1
∂a2,2
∂η

+ a2,2
∂ā2,1
∂η

, (116)

∂2a2,χ
∂η2

=ā2,1
∂2a2,2
∂η2

+ 2
∂ā2,1
∂η

∂a2,2
∂η

+ a2,2
∂2ā2,1
∂η2

, (117)

∂3a2,χ
∂η3

=ā2,1
∂3a2,2
∂η3

+ 3
∂2ā2,1
∂η2

∂a2,2
∂η

+ 3
∂ā2,1
∂η

∂2a2,2
∂η2

+ a2,2
∂3ā2,1
∂η3

, (118)

∂2a2,χ
∂η∂x0

=
∂ā2,1
∂η

∂a2,2
∂x0

+ ā2,1
∂2a2,2
∂x0∂η

, (119)

∂3a2,χ
∂η2∂x0

=ā2,1
∂3a2,2
∂η2∂x0

+ 2
∂ā2,1
∂η

∂2a2,2
∂η∂x0

+ a2,2
∂3ā2,1
∂η2∂x0

. (120)

(121)



The a2 differentials become,

∂a2
∂T

=(1 + χ)
∂a2,χ
∂T

, (122)

∂2a2
∂T 2

=(1 + χ)
∂2a2,χ
∂T 2

, (123)

∂a2
∂V

=(1 + χ)
∂a2,χ
∂V

+ a2,χ
∂χ

∂V
, (124)

∂2a2
∂V 2

=(1 + χ)
∂2a2,χ
∂V 2

+ 2
∂a2,χ
∂V

∂χ

∂V
+ a2,χ

∂2χ

∂V 2
, (125)

∂3a2
∂V 3

=(1 + χ)
∂3a2,χ
∂V 3

+ 3
∂2a2,χ
∂V 2

∂χ

∂V
+ 3

∂a2,χ
∂V

∂2χ

∂V 2
+ a2,χ

∂3χ

∂V 3
, (126)

∂2a2
∂T∂V

=(1 + χ)
∂2a2,χ
∂T∂V

+
∂χ

∂V

∂a2,χ
∂T

, (127)

∂3a2
∂V 2∂T

=(1 + χ)
∂3a2,χ
∂V 2∂T

+ 2
∂2a2,χ
∂V ∂T

∂χ

∂V
+

∂a2,χ
∂T

∂2χ

∂V 2
. (128)

3.4 Third order monomer perturbation

The second order monomer perturbation is given as,

a3 = −ε3f4 (α) ζ̄x exp
(
f5 (α) ζ̄x + f6 (α) ζ̄

2
x

)
. (129)

3.4.1 Differential terms

Differentials of a3 then becomes:

∂a3
∂ζ̄x

=a3

[
1

ζ̄x
+ f5 + 2f6ζ̄x

]
, (130)

∂2a3
∂ζ̄2x

=a3

[
2f5
ζ̄x

+ 6f6 +
(
f5 + 2f6ζ̄x

)2]
. (131)

3.5 Chains of monomer Mie segments

The Mie segments are assumed to be tangentially bounded at r = σ from ms segments. The
reduced Helmholtz contribution for the chain formation is given by the Wertheim TPT1 from,

achain = − (ms − 1) ln
(
gMie (σ)

)
, (132)

where gMie is the RDF at contact,

gMie (σ) = gHS
d (σ) exp

[
βεg1 (σ) + (βε)2 g2 (σ)

gHS
d (σ)

]
. (133)

Here,
gHS
d (σ) = exp

(
k0 + k1x0 + k2x

2
0 + k3x

3
0

)
, (134)



with

k0 = − ln (1− η) +
42η − 39η2 + 9η3 − 2η4

6 (1− η)3
, (135)

k1 =
η4 + 6η2 − 12η

2 (1− η)3
, (136)

k2 =
−3η2

8 (1− η)2
, (137)

k3 =
−η4 + 3η2 + 3η

6 (1− η)3
. (138)

For g1 we have,

g1 (σ) =
1

2πεd3

[
3
∂a1
∂ρs

− Cλax
λa
0

aS
1 (η;λa) +B (η;λa)

ρs
+ Cλrx

λr
0

aS
1 (η;λr) +B (η;λr)

ρs

]
,

=
1

12ε

[
3
∂a1
∂ρs

ρs
η

− Cλax
λa
0

aS
1 (η;λa) +B (η;λa)

η
+ Cλrx

λr
0

aS
1 (η;λr) +B (η;λr)

η

]
,

=
1

12ε

[
−3

∂a1
∂V

V

η
− Cλax

λa
0

(
ãS
1 (η;λa) + B̃ (η;λa)

)
+ Cλrx

λr
0

(
ãS
1 (η;λr) + B̃ (η;λr)

)]
.

(139)

For g2 we have,
g2 (σ) = (1 + γC) g

MCA
2 (σ) , (140)

were

gMCA
2 (σ) =

1

2πε2d3

3∂
(

a2
1+χ

)
∂ρs

+ εKHSC2 (λr + λa)x
(λr+λa)
0

aS
1 (η;λr + λa) +B (η;λr + λa)

ρs

− εKHSC2λax
2λa
0

aS
1 (η; 2λa) +B (η; 2λa)

ρs

−εKHSC2λrx
2λr
0

aS
1 (η; 2λr) +B (η; 2λr)

ρs

 , (141)

=
1

12ε2

[
−3

∂a2,χ
∂V

V

η
+ εKHSC2 (λr + λa)x

(λr+λa)
0

(
ãS
1 (η;λr + λa) + B̃ (η;λr + λa)

)
− εKHSC2λax

2λa
0

(
ãS
1 (η; 2λa) + B̃ (η; 2λa)

)
−εKHSC2λrx

2λr
0

(
ãS
1 (η; 2λr) + B̃ (η; 2λr)

)]
(142)

and,
γC = φ7,0 (1− tanh (φ7,1 (φ7,2 − α))) ζ̄xθ exp

(
φ7,3ζ̄x + φ7,4ζ̄

2
x

)
. (143)

θ is given as
θ = exp (βε)− 1. (144)



3.5.1 Differentials

Before differentiating g1 and gMCA
2 is split as follows,

g1 =g1,1 + g1,2, (145)

g1,1 =− V

4εη

∂a1
∂V

, (146)

g1,2 =
C
12ε

[
−λax

λa
0

(
ãS
1 (η;λa) + B̃ (η;λa)

)
+ λrx

λr
0

(
ãS
1 (η;λr) + B̃ (η;λr)

)]
. (147)

gMCA
2 =gMCA

2,1 +KHSgMCA
2,2 , (148)

gMCA
2,1 =− V

4ε2η

∂a2,χ
∂V

, (149)

gMCA
2,2 =

C2

12ε

[
− λrx

2λr
0

(
ãS
1 (η; 2λr) + B̃ (η; 2λr)

)
+ (λr + λa)x

(λr+λa)
0

(
ãS
1 (η;λr + λa) + B̃ (η;λr + λa)

)
−λax

2λa
0

(
ãS
1 (η; 2λa) + B̃ (η; 2λa)

)]
. (150)

Differentials for ki,

∂k0
∂η

=
η4 − 7η3 + 3η2 − 6η + 24

3 (1− η)4
, (151)

∂2k0
∂η2

= −η3 + 5η2 + 4η − 30

(1− η)5
, (152)

∂k1
∂η

=
−12− 12η + 6η2 + 4η3 − η4

2 (1− η)4
, (153)

∂2k1
∂η2

=
(−6

(
5 + 2η − 2η2

)
(1− η)5

, (154)

∂k2
∂η

=
−3η

4 (1− η)3
, (155)

∂2k2
∂η2

= −3 (2η + 1)

4 (1− η)4
, (156)

∂k3
∂η

=
3 + 12η + 3η2 − 4η3 + η4

6 (1− η)4
, (157)

∂2k3
∂η2

= −−4− 7η + η2

(1− η)5
. (158)



The differentials for gHS
d becomes,

∂gHS
d

∂η
=gHS

d

(
∂k0
∂η

+
∂k1
∂η

x0 +
∂k2
∂η

x20 +
∂k3
∂η

x30

)
, (159)

∂2gHS
d

∂η2
=gHS

d

[(
∂k0
∂η

+
∂k1
∂η

x0 +
∂k2
∂η

x20 +
∂k3
∂η

x30

)2

+

(
∂2k0
∂η2

+
∂2k1
∂η2

x0 +
∂2k2
∂η2

x20 +
∂2k3
∂η2

x30

)]
, (160)

∂gHS
d

∂x0
=gHS

d

(
k1 + 2k2x0 + 3k3x

2
0

)
, (161)

∂gHS
d

∂x0
=gHS

d

[(
k1 + 2k2x0 + 3k3x

2
0

)2
+ (2k2 + 6k3x0)

]
, (162)

∂2gHS
d

∂x0∂η
=gHS

d

[(
∂k0
∂η

+
∂k1
∂η

x0 +
∂k2
∂η

x20 +
∂k3
∂η

x30

)(
k1 + 2k2x0 + 3k3x

2
0

)
+

(
∂k1
∂η

+ 2
∂k2
∂η

x0 + 3
∂k3
∂η

x20

)]
. (163)

Differentiating g1,1,

∂g1,1
∂V

=− 3V 2

2επNsd3

(
2

V

∂a1
∂V

+
∂2a1
∂V 2

)
, (164)

∂2g1,1
∂V 2

=− 3V 2

2επNsd3

(
2

V 2

∂a1
∂V

+
4

V

∂2a1
∂V 2

+
∂3a1
∂V 3

)
, (165)

∂g1,1
∂T

=− 3V 2

2επNsd3
∂2a1
∂V ∂T

− 3g1,1
d

∂d

∂T
, (166)

∂2g1,1
∂T 2

=− 3V 2

2επNsd3
∂3a1

∂T 2∂V
− 6g1,1

d2

(
∂d

∂T

)2

− 3g1,1
d

∂2d

∂T 2
− 6

d

∂d

∂T

∂g1,1
∂T

, (167)

∂2g1,1
∂T∂V

=− 3V 2

2επNsd3

(
2

V

∂2a1
∂V ∂T

+
∂3a1

∂V 2∂T

)
+

3

d

∂d

∂T

∂g1,1
∂V

. (168)



Differentiating g1,2,

∂g1,2
∂η

=
C
12ε

[
−λax

λa
0

(
∂ãS

1λa

∂η
+

∂B̃λa

∂η

)
+ λrx

λr
0

(
∂ãS

1λr

∂η
+

∂B̃λr

∂η

)]
, (169)

∂2g1,2
∂η2

=
C
12ε

[
−λax

λa
0

(
∂2ãS

1λa

∂η2
+

∂2B̃λa

∂η2

)
+ λrx

λr
0

(
∂2ãS

1λr

∂η2
+

∂2B̃λr

∂η2

)]
, (170)

∂g1,2
∂x0

=
C
12ε

[
−λax

λa
0

(
∂ãS

1λa

∂x0
+

∂B̃λa

∂x0

)
+ λrx

λr
0

(
∂ãS

1λr

∂x0
+

∂B̃λr

∂x0

)

−λa
2x

(λa−1)
0

(
ãS
1λa + B̃λa

)
+ λr

2x
(λr−1)
0

(
ãS
1λr + B̃λr

)]
, (171)

∂2g1,2
∂x02

=
C
12ε

[
−λax

λa
0

(
∂2ãS

1λa

∂x02
+

∂2B̃λa

∂x02

)
+ λrx

λr
0

(
∂2ãS

1λr

∂x02
+

∂2B̃λr

∂x02

)

− λa
2 (λa − 1)x

(λa−2)
0

(
ãS
1λa + B̃λa

)
+ λr

2 (λr − 1)x
(λr−2)
0

(
ãS
1λr + B̃λr

)
−2λa

2x
(λa−1)
0

(
∂ãS

1λa

∂x0
+

∂B̃λa

∂x0

)
+ 2λr

2x
(λr−1)
0

(
∂ãS

1λr

∂x0
+

∂B̃λr

∂x0

)]
, (172)

∂2g1,2
∂η∂x0

=
C
12ε

[
−λa

2x
(λa−1)
0

(
∂ãS

1λa

∂η
+

∂B̃λa

∂η

)
+ λr

2x
(λr−1)
0

(
∂ãS

1λr

∂η
+

∂B̃λr

∂η

)

−λax
λa
0

(
∂2ãS

1λa

∂η∂x0
+

∂2B̃λa

∂η∂x0

)
+ λrx

λr
0

(
∂2ãS

1λr

∂η∂x0
+

∂2B̃λr

∂η∂x0

)]
. (173)

The differentials for gMCA
2,1 is given from equations 164 to 168, simply by replacing a1 with

a2,χ, and dividing with ε.
Differentiating gMCA

2,2 ,

∂gMCA
2,2

∂η
=

C2

12ε

[
− λrx

2λr
0

(
∂ãS

1(2λr)

∂η
+

∂B̃(2λr)

∂η

)

+ (λr + λa)x
(λr+λa)
0

(
∂ãS

1(λr+λa)

∂η
+

∂B̃(λr+λa)

∂η

)

− λax
2λa
0

(
∂ãS

1(2λa)

∂η
+

∂B̃(2λa)

∂η

) ]
, (174)

∂2gMCA
2,2

∂η2
=

C2

12ε

[
− λrx

2λr
0

(
∂2ãS

1(2λr)

∂η2
+

∂2B̃(2λr)

∂η2

)

+ (λr + λa)x
(λr+λa)
0

(
∂2ãS

1(λr+λa)

∂η2
+

∂2B̃(λr+λa)

∂η2

)

− λax
2λa
0

(
∂2ãS

1(2λa)

∂η2
+

∂2B̃(2λa)

∂η2

) ]
, (175)



∂gMCA
2,2

∂x0
=

C2

12ε

[
− 2λr

2x2λr−1
0

(
ãS
1(2λr)

+ B̃(2λr)

)
+ (λr + λa)

2 x
(λr+λa−1)
0

(
ãS
1(λr+λa)

+ B̃(λr+λa)

)
− 2λa

2x2λa−1
0

(
ãS
1(2λa)

+ B̃(2λa)

)
− λrx

2λr
0

∂B̃(2λr)

∂x0

+ (λr + λa)x
(λr+λa)
0

∂B̃(λr+λa)

∂x0
− λax

2λa
0

∂B̃(2λa)

∂x0

]
, (176)

∂2gMCA
2,2

∂x02
=

C2

12ε

[
− 2λr

2 (2λr − 1)x2λr−2
0

(
ãS
1(2λr)

+ B̃(2λr)

)
+ (λr + λa)

2 (λr + λa − 1)x
(λr+λa−2)
0

(
ãS
1(λr+λa)

+ B̃(λr+λa)

)
− 2λa

2 (2λa − 1)x2λa−2
0

(
ãS
1(2λa)

+ B̃(2λa)

)
− 2λr

2x2λr−1
0

∂B̃(2λr)

∂x0

+ (λr + λa)
2 x

(λr+λa−1)
0

∂B̃(λr+λa)

∂x0
− 2λa

2x2λa−1
0

∂B̃(2λa)

∂x0

− λrx
2λr
0

∂2B̃(2λr)

∂x02
+ (λr + λa)x

(λr+λa)
0

∂2B̃(λr+λa)

∂x02
− λax

2λa
0

∂2B̃(2λa)

∂x02

]
, (177)

∂2gMCA
2,2

∂x0∂η
=

C2

12ε

[
− 2λr

2x2λr−1
0

(
∂ãS

1(2λr)

∂η
+

∂B̃(2λr)

∂η

)

+ (λr + λa)
2 x

(λr+λa−1)
0

(
∂ãS

1(λr+λa)

∂η
+

∂B̃(λr+λa)

∂η

)

− 2λa
2x2λa−1

0

(
∂ãS

1(2λa)

∂η
+

∂B̃(2λa)

∂η

)
− λrx

2λr
0

∂2B̃(2λr)

∂x0∂η

+ (λr + λa)x
(λr+λa)
0

∂2B̃(λr+λa)

∂x0∂η
− λax

2λa
0

∂2B̃(2λa)

∂x0∂η

]
. (178)

The differentials of g2,1 differe structure only in the pre-factor from the g1,1 differentials
in Equation 164-168.

Introducing an auxiliary function for γC, f
(
ζ̄x
)
= φ7,3ζ̄x + φ7,4ζ̄

2
x, and differentiating

γθC = γC/θ we get,

∂γθC
∂ζ̄x

=γθC

[
1

ζ̄x
+

∂f

∂ζ̄x

]
, (179)

∂2γθC
∂ζ̄2x

=γθC

[
2

ζ̄x

∂f

∂ζ̄x
+

(
∂f

∂ζ̄x

)2

+
∂2f

∂ζ̄2x

]
, (180)

∂f

∂ζ̄x
=φ7,3 + 2φ7,4ζ̄x, (181)

∂2f

∂ζ̄2x
=2φ7,4. (182)



Differentiating θ,

∂θ

∂T
=− exp

(
ε

kBT

)
ε

kBT 2
, (183)

∂2θ

∂T 2
=exp

(
ε

kBT

)[(
ε

kBT 2

)2

+
2ε

kBT 3

]
. (184)

Differentiating γθCθ,

∂γC
∂T

=γθC
∂θ

∂T
+ θ

∂γθC
∂T

, (185)

∂2γC
∂T 2

=γθC
∂2θ

∂T 2
+ 2

∂γθC
∂T

∂θ

∂T
+ θ

∂2γθC
∂T 2

, (186)

∂γC
∂V

=θ
∂γθC
∂V

, (187)

∂2γC
∂V 2

=θ
∂2γθC
∂V 2

, (188)

∂2γC
∂T∂V

=
∂γθC
∂V

∂θ

∂T
+ θ

∂2γθC
∂T∂V

. (189)

For X ∈ {T, V } we have,

∂achain

∂Xi
= − (ms − 1)

1

gMie
∂gMie

∂Xi
, (190)

∂2achain

∂Xi∂Xj
= − (ms − 1)

1

gMie

(
− 1

gMie
∂gMie

∂Xi

∂gMie

∂Xj
+

∂2gMie

∂Xi∂Xj

)
. (191)

(192)



Introduce auxiliary function, w,

w =
1

gHS
d

[(
ε

kBT

)
g1 +

(
ε

kBT

)2

g2

]
, (193)

∂w

∂T
=

1

gHS
d

[(
ε

kBT

)(
−g1
T

+
∂g1
∂T

)
+

(
ε

kBT

)2(
−2g2

T
+

∂g2
∂T

)
− w

∂gHS
d

∂T

]
, (194)

∂2w

∂T 2
=

1

gHS
d

[(
ε

kBT

)(
2g1
T 2

− 2

T

∂g1
∂T

+
∂2g1
∂T 2

)
+

(
ε

kBT

)2(6g2
T 2

− 4

T

∂g2
∂T

+
∂2g2
∂T 2

)

− 2
∂gHS

d

∂T

∂w

∂T
− w

∂2gHS
d

∂T 2

 , (195)

∂w

∂V
=

1

gHS
d

[(
ε

kBT

)
∂g1
∂V

+

(
ε

kBT

)2 ∂g2
∂V

− w
∂gHS

d

∂V

]
, (196)

∂2w

∂V 2
=

1

gHS
d

[(
ε

kBT

)
∂2g1
∂V 2

+

(
ε

kBT

)2 ∂2g2
∂V 2

− 2
∂w

∂V

∂gHS
d

∂V
− w

∂2gHS
d

∂V 2

]
, (197)

∂2w

∂T∂V
=

1

gHS
d

[(
ε

kBT

)(
− 1

T

∂g1
∂V

+
∂2g1
∂T∂V

)
+

(
ε

kBT

)2(
− 2

T

∂g2
∂V

+
∂2g2
∂T∂V

)

− ∂w

∂T

∂gHS
d

∂V
− ∂w

∂V

∂gHS
d

∂T
− w

∂2gHS
d

∂V ∂T

 . (198)

The gMie differentials, for X ∈ {T, V }, then become as follows,

∂gMie

∂Xi
= gMie

[
1

gHS
d

∂gHS
d

∂Xi
+

∂w

∂Xi

]
, (199)

∂2gMie

∂Xi∂Xj
= gMie

[
1

gHS
d

(
∂2gHS

d

∂Xi∂Xj
+

∂gHS
d

∂Xi

∂w

∂Xj
+

∂gHS
d

∂Xj

∂w

∂Xi

)
+

∂w

∂Xi

∂w

∂Xj
+

∂2w

∂Xi∂Xj

]
.

(200)

4 Mixtures
When describing mixing in the SAFT-VR-Mie framework, the following mixing rules are
applied for the parameters,

σij =
σii + σjj

2
, (201)

dij =
dii + djj

2
, (202)

εij = (1− kij)

√
σ3
iiσ

3
jj

σ3
ij

√
εiiεjj , (203)

λr,ij − 3 = (1− γij)
√

(λr,ii − 3) (λr,jj − 3), (204)

αij = α
(
λaij , λrij

)
(205)



Here kij and γij are tunable interaction parameters.

4.1 Mixture hard-sphere term

For mixtures, the term

αhs =
1

ζ0

[
3ζ1ζ2
1− ζ3

+
ζ32

ζ3(1− ζ3)2
+

(
ζ32
ζ23

− ζ0

)
ln(1− ζ3)

]
, (206)

is used for the hard spheres. Here,

ζl =
π

6
ρs
∑
i

xs,id
l
ii, l = 0, 1, 2, 3. (207)

The mole fraction of segments of component i, xs,i, is given as,

xs,i =
ms,ixi∑N

k=1ms,kxk
. (208)

The overall density is related to the segment density by ρs = ρ
∑N

k=1ms,kxk. Using this, and
ρV = NAn, we get,

ζl =
πNA
6V

∑
i

ms,inid
l
ii, l = 0, 1, 2, 3, (209)

That can be differentiated directly in ni, V and T .



4.1.1 Differentials

The ζl differentials applies for l = 0, 1, 2, 3 if nothing else is specified,

∂ζl
∂V

=− ζl
V
, (210)

∂2ζl
∂V 2

=
2ζl
V 2

, (211)

∂ζl
∂ni

=
πNAms,id

l
ii

6V
, (212)

∂2ζl
∂ni∂nj

=0, (213)

∂ζl
∂T

=

{
0, l = 0
lπNA
6V

∑
ims,inid

l−1
ii

∂dii
∂T , l = 1, 2, 3

(214)

∂2ζl
∂T 2

=


0, l = 0
lπNA
6V

∑
ims,inid

l−1
ii

∂2dii
∂T 2 , l = 1

lπNA
6V

∑
ims,inid

l−1
ii

∂2dii
∂T 2 + l(l−1)πNA

6V

∑
ims,inid

l−2
ii

(
∂dii
∂T

)2
, l = 2, 3

(215)

∂2ζl
∂V ∂ni

=− πNAms,id
l
ii

6V 2
, (216)

∂2ζl
∂V ∂T

=

{
0, l = 0

− lπNA
6V 2

∑
ims,inid

l−1
ii

∂dii
∂T , l = 1, 2, 3

(217)

∂2ζl
∂nk∂T

=

{
0, l = 0
lπNAms,kd

l−1
kk

6V
∂dkk
∂T , l = 1, 2, 3

(218)

(219)



The differentials for the mixture hard-sphere term with respect to ζl becomes

∂αhs

∂ζ0
=− αhs + ln(1− ζ3)

ζ0
, (220)

∂2αhs

∂ζ0
2 =

2αhs + 2 ln(1− ζ3)

ζ20
, (221)

∂αhs

∂ζ1
=

3ζ2
(1− ζ3) ζ0

, (222)

∂2αhs

∂ζ1
2 =0, (223)

∂αhs

∂ζ2
=

1

ζ0

[
3ζ1

1− ζ3
+

3ζ22
ζ3(1− ζ3)2

+
3ζ22
ζ23

ln(1− ζ3)

]
, (224)

∂2αhs

∂ζ2
2 =

6ζ2
ζ0ζ3

[
1

(1− ζ3)2
+

1

ζ3
ln(1− ζ3)

]
, (225)

∂αhs

∂ζ3
=

1

ζ0

[
3ζ1ζ2

(1− ζ3)
2 +

ζ32 (3ζ3 − 1)

ζ23 (1− ζ3)3
− 2ζ32

ζ33
ln(1− ζ3)−

ζ32 − ζ0
ζ23 (1− ζ3)

]
, (226)

∂2αhs

∂ζ3
2 =

1

ζ0

[
6ζ1ζ2

(1− ζ3)
3 +

2ζ32
(
1− 4ζ3 + 6ζ23

)
ζ33 (1− ζ3)4

+
6ζ32
ζ43

ln(1− ζ3) +
4ζ32

ζ33 (1− ζ3)

+
ζ32 − ζ0ζ

2
3

ζ23 (1− ζ3)
2

]
, (227)

∂2αhs

∂ζ0∂ζ1
=− 1

ζ0

∂αhs

∂ζ1
, (228)

∂2αhs

∂ζ0∂ζ2
=− 1

ζ0

∂αhs

∂ζ2
, (229)

∂2αhs

∂ζ0∂ζ3
=− 1

ζ0

∂αhs

∂ζ3
+

1

ζ0 (1− ζ3)
, (230)

∂2αhs

∂ζ1∂ζ2
=

3

ζ0 (1− ζ3)
, (231)

∂2αhs

∂ζ2∂ζ3
=

1

ζ0

[
3ζ1

(1− ζ3)
2 +

3ζ22 (3ζ3 − 1)

ζ23 (1− ζ3)3
− 6ζ22

ζ33
ln(1− ζ3)−

3ζ22
ζ23 (1− ζ3)

]
. (232)

The differentials of the hard-sphere term with respect to X ∈ {T, V, n1 . . . , nN} take the
form,

∂αhs

∂Xi
=

3∑
l=0

∂αhs

∂ζl

∂ζl
∂Xi

, (233)

∂2αhs

∂Xi∂Xj
=

3∑
l=0

3∑
k=0

∂2αhs

∂ζl∂ζk

∂ζl
∂Xi

∂ζk
∂Xj

+

3∑
l=0

∂αhs

∂ζl

∂2ζl
∂Xi∂Xj

. (234)



4.2 First order term

The first order term is described as,

a1 =
N∑
i=1

N∑
j=1

xs,ixs,ja1,ij (235)

For mixtures, a mixture property is used instead of is used instead of η,

ζx =
πρs
6

N∑
i=1

N∑
j=1

xs,ixs,jd
3
ij , (236)

=
πNA
6V ns

N∑
i=1

N∑
j=1

ms,inims,jnjd
3
ij , (237)

where ns =
∑N

i=1ms,ini.
The a1,ij is given as for pure fluids, Equation 33, evaluated using mixture parameters.

The only difference is in the treatment of aS
1 and B, where the integrals are evaluated as both

a function of η and ζx. Dividing through with η give functions of ζx only. For mixtures, ãS
1,ij ,

take the form,

ãS
1,ij =

aS
1,ij (ηij , ζx;λij)

ηij
= −12εij

(
1

λij − 3

)
1− ηeff (ζx;λij) /2

(1− ηeff (ζx;λij))
3 , (238)

and B̃ij take the following form,

B̃ij =
Bij (ηij , ζx;λij)

ηij
= 12εij

(
1− ζx/2

(1− ζx)
3 Iλij

− 9ζx (1 + ζx)

2 (1− ζx)
3 Jλij

)
. (239)

4.2.1 Differentials

The volume and temperature differentials of Equation 240 is straight forward. The mol
number differentials become, after multiplying twice with ns,

n2
sa1 =

N∑
i=1

N∑
j=1

ms,inims,jnja1,ij (240)

2ms,knsa1 + n2
s
∂a1
∂nk

= ms,k

N∑
j=1

ms,jnja1,kj +ms,k

N∑
i=1

ms,inia1,ik +

N∑
i=1

N∑
j=1

ms,inims,jnj
∂a1,ij
∂nk

(241)

2ms,kms,la1 + 2ms,kns
∂a1
∂nl

+ 2ms,lns
∂a1
∂nk

+ n2
s

∂2a1
∂nk∂nl

=

ms,kms,la1,kl +ms,kms,la1,lk +ms,k

N∑
j=1

ms,jnj
∂a1,kj
∂nl

+ms,k

N∑
i=1

ms,ini
∂a1,ik
∂nl

+

ms,l

N∑
j=1

ms,jnj
∂a1,lj
∂nk

+ms,l

N∑
i=1

ms,ini
∂a1,il
∂nk

+
N∑
i=1

N∑
j=1

ms,inims,jnj
∂2a1,ij
∂nk∂nl

(242)



∂a1
∂nk

=
1

n2
s

ms,k

N∑
j=1

ms,jnja1,kj +ms,k

N∑
i=1

ms,inia1,ik

+
N∑
i=1

N∑
j=1

ms,inims,jnj
∂a1,ij
∂nk

− 2ms,knsa1

 (243)

∂2a1
∂nk∂nl

=
1

n2
s

ms,kms,la1,kl +ms,kms,la1,lk +ms,k

N∑
j=1

ms,jnj
∂a1,kj
∂nl

+ms,k

N∑
i=1

ms,ini
∂a1,ik
∂nl

+ms,l

N∑
j=1

ms,jnj
∂a1,lj
∂nk

+ms,l

N∑
i=1

ms,ini
∂a1,il
∂nk

+

N∑
i=1

N∑
j=1

ms,inims,jnj
∂2a1,ij
∂nk∂nl

−2ms,kms,la1 − 2ms,kns
∂a1
∂nl

− 2ms,lns
∂a1
∂nk

 (244)



Differentiating Equation 236,

∂ζx
∂V

=− ζx
V

(245)

∂2ζx
∂V 2

=
2ζx
V 2

(246)

∂3ζx
∂V 3

=− 6ζx
V 2

(247)

∂ζx
∂T

=
πNA
2V ns

N∑
i=1

N∑
j=1

ms,inims,jnjd
2
ij

∂dij
∂T

(248)

∂2ζx
∂T 2

=
πNA
V ns

N∑
i=1

N∑
j=1

ms,inims,jnjdij

(
∂dij
∂T

)2

+
πNA
2V ns

N∑
i=1

N∑
j=1

ms,inims,jnjd
2
ij

∂2dij
∂T 2

(249)

∂ζx
∂nk

=
πNA
6V ns

ms,k

N∑
j=1

ms,jnjd
3
kj +ms,k

N∑
i=1

ms,inid
3
ik

−
ms,k
ns

ζx, (250)

∂2ζx
∂nk∂nl

=
πNA
6V ns

(
ms,kms,ld

3
lj +ms,kms,ld

3
lk

)
−

ms,k
ns

∂ζx
∂nl

−
ms,l
ns

∂ζx
∂nk

, (251)

∂2ζx
∂nk∂V

=− 1

V

∂ζx
∂nk

, (252)

∂2ζx
∂nk∂T

=
πNA
2V ns

ms,k

N∑
j=1

ms,jnjd
2
kj

∂dkj
∂T

+ms,k

N∑
i=1

ms,inid
2
ik

∂dik
∂T

−
ms,k
ns

∂ζx
∂T

, (253)

∂3ζx
∂V 2∂nk

=
2

V 2

∂ζx
∂nk

, (254)

∂2ζx
∂V ∂T

=− 1

V

∂ζx
∂T

, (255)

∂3ζx
∂V ∂T∂nk

=− 1

V

∂2ζx
∂T∂nk

, (256)

∂3ζx
∂V ∂nk∂nl

=− 1

V

∂2ζx
∂nk∂nl

, (257)

∂3ζx
∂V 2∂T

=
2

V 2

∂ζx
∂T

, (258)

∂3ζx
∂T 2∂V

=− 1

V

∂2ζx
∂T 2

(259)

The missing mol number differentials needed to convert from η and x0 differentials to



TV n differentials,

ank
=aeenk

, (260)
anknl

=aeeenk
enl

+ aeenknl
, (261)

aV nknl
=aeeeeV enk

enl
+ aeeeV nk

enl
+ aeeenk

eV nl
+ aeeeV enknl

+ aeeV nknl
, (262)

aTnk
=aeeeT enk

+ aeeTnk
+ aexxT enk

, (263)
aV nk

=aeeeV enk
+ aeeV nk

, (264)
aV V nk

=aeeee
2
V enk

+ aeeeV V enk
+ 2aeeeV eV nk

+ aeeV V nk
, (265)

aV Tnk
=aeeeeV eT enk

+ aeeeV T enk
+ aeeeT eV nk

+ aeeeV eTnk

+ aeeV Tnk
+ aeexeV xT enk

+ aexxT eV nk
. (266)

The missing mol number η differentials,

∂η

∂nk
=η

ms,k
ns

, (267)

∂2η

∂nk∂nl
=0, (268)

∂2η

∂T∂nk
=
ms,k
ns

∂η

∂T
, (269)

∂2η

∂V ∂nk
=− 1

V

∂η

∂nk
, (270)

∂3η

∂V 2∂nk
=− 2

V

∂2η

∂V ∂nk
, (271)

∂3η

∂V ∂nk∂nl
=0, (272)

∂3η

∂V ∂T∂nk
=− 1

V

∂2η

∂T∂nk
. (273)

4.3 Second order term

The second order term is for mixtures described as,

a2 =
N∑
i=1

N∑
j=1

xs,ixs,ja2,ij . (274)

For mixtures ζ̄x take the following form,

ζ̄x =
πρs
6

N∑
i=1

N∑
j=1

xs,ixs,jσ
3
ij =

πNA
6V ns

N∑
i=1

N∑
j=1

ms,inims,jnjσ
3
ij . (275)



4.3.1 Differentials

Differentials for ζ̄x,

∂ζ̄x
∂V

=− ζ̄x
V

(276)

∂2ζ̄x
∂V 2

=
2ζ̄x
V 2

(277)

∂3ζ̄x
∂V 3

=− 6ζ̄x
V 3

, (278)

∂ζ̄x
∂nk

=
πNA
6V ns

ms,k

N∑
j=1

ms,jnjσ
3
kj +ms,k

N∑
i=1

ms,iniσ
3
ik

−
ms,k
ns

ζ̄x, (279)

∂2ζ̄x
∂nk∂nl

=
πNA
6V ns

(
ms,kms,lσ

3
lj +ms,kms,lσ

3
lk

)
−

ms,k
ns

∂ζ̄x
∂nl

−
ms,l
ns

∂ζ̄x
∂nk

, (280)

∂2ζ̄x
∂nk∂V

=− 1

V

∂ζ̄x
∂nk

, (281)

∂3ζ̄x
∂V 2∂nk

=
2

V 2

∂ζ̄x
∂nk

, (282)

∂3ζ̄x
∂V ∂nk∂nl

=− 1

V

∂2ζ̄x
∂nk∂nl

. (283)

The differentials for a2 can be calculated from Equation 240, by substituting a1,ij with a2,ij .

4.4 Third order term

For mixtures the third order term take the same form as for pure fluids, with ζ̄x instead of η.

4.5 Chain contribution

The chain contribution is slightly different, as it is only a single sum,

achain = − 1

n

N∑
i=1

ni (ms,i − 1) ln
(
gMie
ii (σii)

)
. (284)

gMie
ii is evaluated as Equation 133, using (average) molecular properties,

σii =σi, (285)
εii =εi, (286)
dii =di, (287)
λii =λi. (288)



4.5.1 Differentials

∂achain

∂nk
=− 1

n

[
(ms,k − 1) ln

(
gMie
kk

)
+

N∑
i=1

ni (ms,i − 1)
1

gMie
ii

∂gMie
ii

∂nk
+ achain

]
, (289)

∂2achain

∂nk∂nl
=
1

n

[
− (ms,k − 1)

1

gMie
kk

∂gMie
kk

∂nl
− (ms,l − 1)

1

gMie
ll

∂gMie
ll

∂nk

+

N∑
i=1

ni (ms,i − 1)
1(

gMie
ii

)2 (∂gMie
ii

∂nk

∂gMie
ii

∂nl
− gMie

ii

∂2gMie
ii

∂nk∂nl

)

−∂achain

∂nl
− ∂achain

∂nk

]
, (290)

∂achain

∂T
=− 1

n

N∑
i=1

ni (ms,i − 1)
1

gMie
ii

∂gMie
ii

∂T
, (291)

∂2achain

∂T 2
=
1

n

N∑
i=1

ni (ms,i − 1)
1(

gMie
ii

)2
[(

∂gMie
ii

∂T

)2

− gMie
ii

∂2gMie
ii

∂T 2

]
, (292)

∂achain

∂V
=− 1

n

N∑
i=1

ni (ms,i − 1)
1

gMie
ii

∂gMie
ii

∂V
, (293)

∂2achain

∂V 2
=
1

n

N∑
i=1

ni (ms,i − 1)
1(

gMie
ii

)2
[(

∂gMie
ii

∂V

)2

− gMie
ii

∂2gMie
ii

∂V 2

]
, (294)

∂2achain

∂V ∂T
=
1

n

N∑
i=1

ni (ms,i − 1)
1(

gMie
ii

)2 [∂gMie
ii

∂V

∂gMie
ii

∂T
− gMie

ii

∂2gMie
ii

∂V ∂T

]
, (295)

∂2achain

∂nk∂T
=
1

n

[
− (ms,k − 1)

1

gMie
kk

∂gMie
kk

∂T

+

N∑
i=1

ni (ms,i − 1)
1(

gMie
ii

)2 (∂gMie
ii

∂nk

∂gMie
ii

∂T
− gMie

ii

∂2gMie
ii

∂nk∂T

)
− ∂achain

∂T

]
, (296)

∂2achain

∂nk∂V
=
1

n

[
− (ms,k − 1)

1

gMie
kk

∂gMie
kk

∂V

+
N∑
i=1

ni (ms,i − 1)
1(

gMie
ii

)2 (∂gMie
ii

∂nk

∂gMie
ii

∂V
− gMie

ii

∂2gMie
ii

∂nk∂V

)
− ∂achain

∂V

]
. (297)

To get the gMie
ii mol number differentials, the mole number differentials of Equation 193



is required,

∂w

∂nk
=

1

gHS
d

[(
ε

kBT

)
∂g1
∂nk

+

(
ε

kBT

)2 ∂g2
∂nk

− w
∂gHS

d

∂nk

]
, (298)

∂2w

∂nk∂nl
=

1

gHS
d

[(
ε

kBT

)
∂2g1

∂nk∂nl
+

(
ε

kBT

)2 ∂2g2
∂nk∂nl

− ∂w

∂nk

∂gHS
d

∂nl
− ∂w

∂nl

∂gHS
d

∂nk
− w

∂2gHS
d

∂nk∂nl

]
,

(299)

∂2w

∂T∂nk
=

1

gHS
d

[(
ε

kBT

)(
− 1

T

∂g1
∂nk

+
∂2g1

∂T∂nk

)
+

(
ε

kBT

)2(
− 2

T

∂g2
∂nk

+
∂2g2

∂T∂nk

)

−∂w

∂T

∂gHS
d

∂nk
− ∂w

∂nk

∂gHS
d

∂T
− w

∂2gHS
d

∂T∂nk

]
, (300)

∂2w

∂V ∂nk
=

1

gHS
d

[(
ε

kBT

)
∂2g1

∂V ∂nk
+

(
ε

kBT

)2 ∂2g2
∂V ∂nk

− ∂w

∂V

∂gHS
d

∂nk
− ∂w

∂nk

∂gHS
d

∂V
− w

∂2gHS
d

∂V ∂nk

]
.

(301)

Differentiating g1,1 with respect to mol numbers,

∂g1,1
∂nk

=
3V 2

2επNAnsd3
∂2a1

∂V ∂nk
− g1,1

ms,k
ns

, (302)

∂2g1,1
∂V ∂nk

=
3V 2

2επNAnsd3

(
2

V

∂2a1
∂V ∂nk

+
∂3a1

∂V 2∂nk

)
−

ms,k
ns

∂g1,1
∂V

, (303)

∂2g1,1
∂T∂nk

=
3V 2

2επNAnsd3
∂3a1

∂V ∂T∂nk
− 3

d

∂g1,1
∂nk

∂d

∂T
−

ms,k
ns

∂g1,1
∂T

− g1,1
3

d

ms,k
ns

∂d

∂T
, (304)

∂2g1,1
∂nk∂nl

=
3V 2

2επNAnsd3
∂3a1

∂V ∂nk∂nl
−

ms,l
ns

∂g1,1
∂nl

−
ms,l
ns

∂g1,1
∂nk

. (305)

5 Temperature dependency in σ

If a temperature dependent σ is introduced in the SAFT-VR Mie framework, basically three
parts of the model changes. The temperature dependency of x0 changes, and, α and ζ̄x
becomes temperature dependent.

5.1 Differentiasl with temperature dependency in σ

The new differentials for x0 becomes,

∂x0
∂T

=
1

d

∂σ

∂T
− x0

d

∂d

∂T
, (306)

∂2x0
∂T 2

=
1

d

∂2σ

∂T 2
− 2

d

∂x0
∂T

∂d

∂T
− x0

d

∂2d

∂T 2
. (307)



When the dimesionless van der Waals energy, α, become temperature dependent, the function
f (α) must be differentiated. Using f = m/p, we get,

m =
n=3∑
n=0

φi,nα
n, (308)

mα =

n=3∑
n=1

nφi,nα
n−1, (309)

mαα =

n=3∑
n=2

n (n− 1)φi,nα
n−2, (310)

p = 1 +

n=6∑
n=4

φi,nα
n−3, (311)

pα =

n=6∑
n=4

(n− 3)φi,nα
n−4, (312)

pαα =
n=6∑
n=5

(n− 3) (n− 4)φi,nα
n−5, (313)

fα =
1

p
[mα − fpα] , (314)

fαα =
1

p
[mαα − 2fαpα − fpαα] . (315)

The quantum corrected Mie potential take the following form, if corrected to second order,

uQ,Mie (r, T ) =Cε
([σ

r

)λr
−
(σ
r

)λa

+
D

r2

(
Q1,r

(σ
r

)λr
−Q1,a

(σ
r

)λa
)

+
D2

r4

(
Q2,r

(σ
r

)λr
−Q2,a

(σ
r

)λa
)]

. (316)

The dimensionelss van der Waals energy is given as,

α =− 1

εσ3
Q

∫ ∞

σQ

uQ,Mier2dr (317)

=C

[(
σ

σQ

)λa 1

λa − 3
−
(

σ

σQ

)λr 1

λr − 3

+
D

σ2

((
σ

σQ

)2+λa Q1,a
λa − 1

−
(

σ

σQ

)2+λr Q1,r
λr − 1

)

+

(
D

σ2

)2
((

σ

σQ

)4+λa Q2,a
λa + 1

−
(

σ

σQ

)4+λr Q2,r
λr + 1

)]
. (318)



Introdusing new variables and a constant D̃,

D̃ =
DT

σ2
, (319)

Q̃1,a =

(
σ

σQ

)2+λa Q1,a

λa − 1
, (320)

Q̃1,r =

(
σ

σQ

)2+λr Q1,r

λr − 1
, (321)

Q̃2,a =

(
σ

σQ

)4+λa Q2,a

λa + 1
, (322)

Q̃2,r =

(
σ

σQ

)4+λr Q2,r

λr + 1
, (323)

Ma =

(
σ

σQ

)λa 1

λa − 3
, (324)

Mr =

(
σ

σQ

)λr 1

λr − 3
, (325)

α becomes,

α =C

Ma −Mr +
D̃

T

(
Q̃1,a − Q̃1,r

)
+

(
D̃

T

)2 (
Q̃2,a − Q̃2,r

) . (326)



Differentiating α, using the above,

αT =− C
σQ

[
Maλa −Mrλr +

D

T

(
(2 + λa) Q̃1,a − (2 + λr) Q̃1,r

)
+

(
D

T

)2 (
(4 + λa) Q̃2,a − (4 + λr) Q̃2,r

)] ∂σQ
∂T

− C

[
D̃

T 2

(
Q̃1,a − Q̃1,r

)
+

2D̃2

T 3

(
Q̃2,a − Q̃2,r

)]
, (327)

αTT =
C
σ2
Q

[Maλa (λa + 1)−Mrλr (λr + 1)

+
D

T

(
(2 + λa) (3 + λa) Q̃1,a − (2 + λr) (3 + λr) Q̃1,r

)
+

(
D

T

)2 (
(4 + λa) (5 + λa) Q̃2,a − (4 + λr) (5 + λa) Q̃2,r

)](∂σQ
∂T

)2

− C
σQ

[
Maλa −Mrλr +

D

T

(
(2 + λa) Q̃1,a − (2 + λr) Q̃1,r

)
+

(
D

T

)2 (
(4 + λa) Q̃2,a − (4 + λr) Q̃2,r

)] ∂2σQ
∂T 2

+
2C
σQ

[
D̃

T 2

(
(2 + λa) Q̃1,a − (2 + λr) Q̃1,r

)
+
2D̃2

T 3

(
(4 + λa) Q̃2,a − (4 + λa) Q̃2,r

)] ∂σQ
∂T

+ C

[
2D̃

T 3

(
Q̃1,a − Q̃1,r

)
+

6D̃2

T 4

(
Q̃2,a − Q̃2,r

)]
. (328)

The differentials of ζ̄x with respect to temperature will take the same form as the ζx
differentials.

6 The non-additive hard sphere model
The model by Santos et al. [12] is derived for an arbitarry dimension, d, in the following we
will only consider d = 3. The model is also extended to account for the monomer segments of
each molecule. This gives tha same packing fraction as used by [8] in the original SAFT-VR
Mie modell.

The prefactor, vd, becomes for 3 dimensions,

vd=3 =
(π
4

)( 3
2

)
1

Γ
(
1 + 3

2

) =
π

6
. (329)

〈d3HS〉 =
∑

ms,ixi

(
dHS
i

)3
=

∑
ms,ini

(
dHS
i

)3∑
ni

. (330)



The packing fraction, becomes,

η = vd=3ρs〈d3HS〉 =
ρsπ

∑
ms,ixi

(
dHS
i

)3
6

=
πNA

∑
ms,ini

(
dHS
i

)3
6V

. (331)

The resudial compressibillity factor is defined as,

ZR
SYH =

η

1− η

b3〈d3HS〉B2 − b2B3

(b3 − b2) 〈d3HS〉2
+ ZR

pure (η)
B3 − 〈d3HS〉B2

(b3 − b2) 〈d3HS〉2
, (332)

=
η

1− η
A1 (T,n) + ZR

pureA2 (T,n) . (333)

Here,

B2 =
4

v3

∑
i

∑
j

xs,ixs,jd
3
i,j =

24

π

∑
i

∑
j ms,inims,jnjd

3
i,j

(
∑

ims,ini)
2 =

B2
∗

(
∑

ims,ini)
2 , (334)

B3 =
1

v23

∑
k

∑
i

∑
j

xs,kxs,ixs,jB
3
i,j,k =

36

π2

∑
i

∑
j

∑
k ms,inims,jnjms,knkB

3
i,j,k

(
∑

ims,ini)
3

=
B3

∗

(
∑

ims,ini)
3 . (335)

For Bi,j,k we have,

Bi,j,k =
4

3

(
ck;ijd

3
ij + cj;ikd

3
ik + ci;jkd

3
jk

)
, (336)

ck;ij = d3k;ij +
3

2

d2k;ij
dij

di;jkdj;ik, (337)

dk;ij = max (dik + djk − dij , 0) . (338)

The residual reduced Helmholtz energy per segment, then becomes,

FSYH =
aR

SYH
NAkBT

=

(∑
i

ms,ini

)∫ ∞

V

ZR
SYH
V

dV

= ns

(
− ln (1− η)A1 (T,n) +

Fpure
n

A2 (T,n)

)
. (339)

6.1 Pure fluid hard-spere model

The pure fluid hard-sphere compressibillity is given by the Carnahan-Starling-Kolafa [7] EOS,

ZCSK
pure (η) =

1 + η + η2 − 2η3 (1 + η) /3

(1− η)3
. (340)

The residual reduced Helmholtz energy per segment, then becomes,

FCSK,pure =
aR

CSK,pure
NAkBT

= ns

∫ ∞

V

ZCSK − 1

V
dV = ns

∫ η

0

ZCSK − 1

η
dη

=
ns
3

(
5

2(1− η)2
+

10

1− η
+ 2η + 5 ln (1− η)

)
. (341)



∂
(
FCSK,pure

ns

)
∂η

=
12− 6η + η2 − 2η3

3 (1− η)3
, (342)

∂2
(
FCSK,pure

ns

)
∂η2

=
−5
(
−6 + 2η + η2

)
3 (1− η)4

. (343)

Alternatively the simpler Carnahan-Starling [5] EOS can be used.

ZCS
pure (η) =

1 + η + η2 − η3

(1− η)3
. (344)

aR
CS,pure

NAkBT
= ns

∫ ∞

V

ZCS − 1

V
dV = ns

∫ η

0

ZCS − 1

η
dη = ns

3− 2η

(1− η)2
. (345)

The excess configurational energy is given from,

aex
CS,pure =

4η − 3η2

(1− η)2
= aR

CS,pure − 3. (346)

Differentials of the hard-sphere term:

∂aR
CS,pure
∂η

=− 2 ((η − 2)

(1− η)3
, (347)

∂2aR
CS,pure
∂η2

=
10− 4η

(1− η)4
. (348)

6.2 Model differentials

Before differentiating, it will help to split the expressions in sub contributions tho the Helmholtz
energy. In the follwing, segments will be ignored, impying ms = 1. The HS superscript on
the hard sphere diameter will also be dropped.

Grouping of termes,

FSYH = [− ln (1− η)] [nA1] +

[
Fpure
n

]
[nA2] ,

= F11F12 + F21F22. (349)

F12 = nA1 (T,n) = n
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(∑
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(∑
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(∑
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)2 (350)



F22 = nA2 (T,n) = n
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∗
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3
i

n

)
B2

∗

n2

(b3 − b2)
(∑
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(∑
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)2 (351)

Differentials for F12:
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b3d

3
iB2

∗
+ b3

(∑
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∗
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Here we have used, (∑
nid

3
i

)
T
= 3

∑
nid

2
i diT , (357)(∑

nid
3
i

)
TT

= 6
∑

nidid
2
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∑
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2
i diTT . (358)



Differentials for F12:
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∗
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3
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∗
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F22,ij =
1

(b3 − b2)
(∑
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(∑

nid
3
i

)
B2

∗
T

−2 (b3 − b2)
(∑
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(∑

nid
3
i

)
d2i diTF22

−2 (b3 − b2)
(∑

nid
3
i

)
d3iF22,T − 2 (b3 − b2)

(∑
nid

3
i

)(∑
nid

3
i

)
T
F22,i

]
(363)



The packing fraction differentials, becomes,

ηV = − η

V
(364)

ηV V = 2
η

V 2
(365)

ηi =
πNAd

3
i

6V
, (366)

ηij = 0, (367)

ηiT =
πNAd

2
i diT

2V
, (368)

ηiV = −ηi
V
, (369)

ηT =
πNA

∑
nid

2
i diT

2V
, (370)

ηTV = −ηT
V

, (371)

ηTT =
πNA

(
2
∑

nidid
2
iT +

∑
nid

2
i diTT

)
2V

, (372)

(373)

Differentials for F11:

F11,η =
1

1− η
(374)

F11,ηη =
1

(1− η)2
(375)

(376)

The differentials of F21 is given in Equation 342.
The differentials of B2

∗ becomes,

B2
∗
= 4

∑
i

∑
j

ninjd
3
i,j (377)

B2
∗
T = 12

∑
i

∑
j

ninjd
2
i,jdi,j,T (378)

B2
∗
TT = 12

∑
i

∑
j

ninj

(
2di,jd

2
i,j,T + d2i,jdi,j,TT

)
(379)

B2
∗
Tk = 24

∑
j

njd
2
k,jdk,j,T (380)

B2
∗
k = 8

∑
j

njd
3
k,j (381)

B2
∗
kl = 8d3k,l (382)



The differentials of B3
∗ becomes,

B3
∗
=
∑
i

∑
j

∑
k

ninjnkBi,j,k (383)

B3
∗
T =

∑
i

∑
j

∑
k

ninjnkBi,j,k,T (384)

B3
∗
TT =

∑
i

∑
j

∑
k

ninjnkBi,j,k,TT (385)

B3
∗
T l =

∑
j

∑
k

njnkBl,j,k,T +
∑
i

∑
k

ninkBi,l,k,T +
∑
i

∑
j

ninjBi,j,l,T (386)

B3
∗
l =

∑
j

∑
k

njnkB
3
l,j,k +

∑
i

∑
k

ninkB
3
i,l,k +

∑
i

∑
j

ninjB
3
i,j,l (387)

B3
∗
lm =

∑
k

nkB
3
l,m,k +

∑
k

nkB
3
m,l,k +

∑
j

njB
3
m,j,l +

∑
j

njB
3
l,j,m +

∑
i

niB
3
i,l,m +

∑
i

niB
3
i,m,l

(388)
(389)

7 Pure fluid hard-spere reference
According to Leonard et al. [9], using a pure fluid reference, the Barker-Henderson diameter
is described as,

dpure =
∑
j

∑
i

xixjdij . (390)

The packing fraction used with the pure fluid hard-sphere EOS then becomes,

ηpure =
πNAnd

3
pure

6V
=

πNA

(∑
j

∑
i ninjdij

)3
6V n5

. (391)

Before differentiating, we introduce,

d̂ =
∑
j

∑
i

ninjdij . (392)



The packing fraction differentials, becomes,

ηpure
V = −ηpure

V
(393)

ηpure
V V = 2

ηpure

V 2
(394)

ηpure
k =

1

n5

(
πNAd̂

2d̂k
2V

− 5n4ηpure

)
, (395)

ηpure
kl =

1

n5

πNAd̂
(
2d̂ld̂k + d̂d̂kl

)
2V

− 5n4ηpure
k − 5n4ηpure

l − 20n3ηpure

 , (396)

ηpure
kT =

1

n5

πNAd̂
(
2d̂T d̂k + d̂d̂kT

)
2V

− 5n4ηpure
T

 , (397)

ηpure
kV = −

ηpure
k

V
, (398)

ηpure
T =

πNAd̂
2d̂T

2V n5
, (399)

ηpure
TV = −

ηpure
T

V
, (400)

ηpure
TT =

πNAd̂
(
2d̂2T + d̂d̂TT

)
2V n5

. (401)

7.1 Segments for the pure fluid hard-spere reference

In order to account for segments, the xs,i is interchanged with xi etc.

dpure =
∑
j

∑
i

xs,ixs,idij . (402)

The packing fraction used with the pure fluid hard-sphere EOS including segments then
becomes,

ηpure =
πNAnsd

3
pure

6V
=

πNA

(∑
j

∑
i ns,ins,idij

)3
6V n5

s
. (403)

Before differentiating, we again introduce,

d̂ =
∑
j

∑
i

ns,ins,jdij . (404)



The packing fraction differentials, becomes,

ηpure
V =− ηpure

V
(405)

ηpure
V V =2

ηpure

V 2
(406)
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1

n5
s
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πNAd̂

2d̂k
2V

− 5ms,kn
4
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)
, (407)
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πNAd̂
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)
2V
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kT =
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n5
s

πNAd̂
(
2d̂T d̂k + d̂d̂kT

)
2V

− 5ms,kn
4
sη
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 , (409)

ηpure
kV =−

ηpure
k

V
, (410)

ηpure
T =

πNAd̂
2d̂T

2V n5
s

, (411)

ηpure
TV =−

ηpure
T

V
, (412)

ηpure
TT =

πNAd̂
(
2d̂2T + d̂d̂TT

)
2V n5

s
. (413)

7.2 Compositional dependence in hard-sphere diameter d

Need to handle situation where d > σ. Since g = 0 for r < d, the integral for σ → ∞ simplifies
to an integral from d → ∞.

dpure (n, T ) =
1

n2
s

∑
j

∑
i

ns,ins,jdij (T ) . (414)

The differentials then become, when assuming dij = dji,



dpure
T =

1

n2
s

∑
j

∑
i

ns,ins,jdij,T (415)

dpure
TT =

1

n2
s

∑
j

∑
i

ns,ins,jdij,TT (416)

dpure
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2ms,k
n2

s
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ns,jdik − nsd
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)
(417)
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kl =
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pure −ms,knsd
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l −ms,lnsd
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)
(418)

dpure
Tk =

2ms,k
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s

(∑
i

ns,jdik,T − nsd
pure
T

)
(419)

8 New term in the perturbation of mixtures

9 New term
In the excellent paper entitled “Perturbation theory and Liquid Mixtures”, Leonard et al.
(a student of Barker and Henderson) derives a perturbation theory for mixtures. Three
references are considered:

• Single-component hard-sphere reference fluid

• Additive mixture of hard-spheres as reference

• Non-additive mixture of hard-spheres as reference

In the current treatment of SAFT-VR-Mie, the pair-correlation of the single-component hard-
sphere fluid is used, hence, in a consistent treatment, the Carnahan-Starling EoS for a single-
component fluid of diameter:

d =
∑
i,j

xixjδij , (420)

should be used, where:
δij =

∫ σij

0
[1− exp (−βuij(z))] dz. (421)

The best mixture to use as a reference, which is closest to the fluid mixture to be described is
a non-additive mixture where (dij 6= 0.5(dii + djj). However, this also implies that the pair-
correlation function for a non-additive mixture should be used when computing a1, a2, etc,
and this pair-correlation function is in general unknown. The pair-correlation of an additive
mixture of hard-spheres is more well understood even tough exact models for this fluid is also
not known. If the additive mixture of hard-spheres is used as a reference, there is a missing
terms (superscript M) that should be added to the perturbation expansion:

AMβ = αM = −2π

V

∑
ij

ninjd
2
ijg

ij
0,c [dij − δij ] (422)



we keep in mind that δij = dij . The first order derivatives are:

∂αM

∂T
= −2π

V

∑
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(
2dij

∂dij
∂T
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∂αM
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∂αM
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2π
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where we have used that aij = aji for all variables. We proceed to the second order derivatives:
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Which can be simplified to:
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∂nk∂T
= −4π

V

∑
i

ni

(
2dik

∂dik
∂T

[dik − δik] g
ik
0,c+

d2ik

[
∂dik
∂T

− ∂δik
∂T

]
gik0,c + d2ik [dik − δik]

(
∂gik0,c
∂T

))
+

− 2π

V

∑
ij

ninj

(
2dij

∂dij
∂T

∂gij0,c
∂nk

[dij − δij ] + d2ij
∂2gij0,c
∂T∂nk

[dij − δij ] + d2ij
∂gij0,c
∂nk

[
∂dij
∂T

− ∂δij
∂T

])
(429)
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9.1 The pair correlation function at contact

We shall use the Boublik expression for the radial distribution function (at contact), which
includes an additional term in comparison to the paper by Leonard et al.:

g0,c(dij) =
1

1− ζ3
+

3ζ2
(1− ζ3)2

µij +
2ζ22

(1− ζ3)3
µ2
ij (433)

where:
µij =

diidjj
dii + djj

(434)

which depends only on the temperature, with the following derivatives:

∂µij

∂T
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2 (435)

∂2µij
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2(dii + djj)dii,Tdjj,T + d2jjdii,TT + d2iidjj,TT

(dii + djj)
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(dii,T + djj,T )

(dii + djj)
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The first order derivatives of the pair-correlation function at contact are:
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∂µij
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µij (437)

∂gij0,c
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∂gij0,c
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and the second order derivatives:
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∂µ2

ij

=
4ζ22

(1− ζ3)3
(440)

∂2gij0,c
∂µij∂ζ2

=
3

(1− ζ3)2
+

8ζ2
(1− ζ3)3

µij (441)
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and the following derivatives of the pair-correlation function:
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and then the second order derivatives:
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∂gij0,c
∂ζ2

∂2ζ2
∂ni∂T

+
∂2gij0,c
∂ζ2∂µij

∂ζ2
∂ni

∂µij

∂T
+

∂2gij0,c
∂ζ22

∂ζ2
∂ni

∂ζ2
∂T

+
∂2gij0,c
∂ζ2∂ζ3

∂ζ2
∂ni

∂ζ3
∂T

∂gij0,c
∂ζ3

∂2ζ3
∂ni∂T

+
∂2gij0,c
∂ζ3∂µij

∂ζ3
∂ni

∂µij

∂T
+

∂2gij0,c
∂ζ3∂ζ2

∂ζ3
∂ni

∂ζ2
∂T

+
∂2gij0,c
∂ζ23

∂ζ3
∂ni

∂ζ3
∂T

(451)

∂2gij0,c
∂V 2

=
∂gij0,c
∂ζ2

∂2ζ2
∂V 2

+
∂2gij0,c
∂ζ22

(
∂ζ2
∂V

)2

+
∂2gij0,c
∂ζ2∂ζ3

∂ζ2
∂V

∂ζ3
∂V

∂gij0,c
∂ζ3

∂2ζ3
∂V 2

+
∂2gij0,c
∂ζ3∂ζ2

∂ζ3
∂V

∂ζ2
∂V

+
∂2gij0,c
∂ζ23

(
∂ζ3
∂V

)2
(452)

∂2gij0,c
∂V ∂ni

=
∂gij0,c
∂ζ2

∂2ζ2
∂V ∂ni

+
∂2gij0,c
∂ζ22

∂ζ2
∂V

∂ζ2
∂ni

+
∂2gij0,c
∂ζ2∂ζ3

∂ζ2
∂V

∂ζ3
∂ni

∂gij0,c
∂ζ3

∂2ζ3
∂V ∂ni

+
∂2gij0,c
∂ζ3∂ζ2

∂ζ3
∂V

∂ζ2
∂ni

+
∂2gij0,c
∂ζ23

∂ζ3
∂V

∂ζ3
∂ni

(453)

∂2gij0,c
∂nj∂ni

=
∂gij0,c
∂ζ2

∂2ζ2
∂nj∂ni

+
∂2gij0,c
∂ζ22

∂ζ2
∂nj

∂ζ2
∂ni

+
∂2gij0,c
∂ζ2∂ζ3

∂ζ2
∂nj

∂ζ3
∂ni

∂gij0,c
∂ζ3

∂2ζ3
∂nj∂ni

+
∂2gij0,c
∂ζ3∂ζ2

∂ζ3
∂nj

∂ζ2
∂ni

+
∂2gij0,c
∂ζ23

∂ζ3
∂nj

∂ζ3
∂ni

(454)

9.2 The reduced isothermal compressibillity of the mixture hard-sphere
model

For the Boublik and Mansoori et al. hard-spere mixture model we have,

ZHS
mix =

PHS

kBTρs
=

1

ζ0

[
ζ0

(1− ζ3)
+

3ζ1ζ2
(1− ζ3)2

+
(3− ζ3) ζ

3
2

(1− ζ3)
3

]
. (455)

Here,
ζl =

π

6
ρs
∑
i

xs,id
l
ii, l = 0, 1, 2, 3. (456)

To simplify we introduce, Ml,

Ml =
∑
i

xs,id
l
ii, l = 1, 2, 3. (457)



If we also use that η = ζ3, we get,

ZHS
mix =

1

(1− η)
+

M1M2

M3

3η

(1− η)2
+

M3
2

M2
3

(3− η) η3

(1− η)3
. (458)

KHS
mix =

βT

βid
T

=

1
ρs

∂ρs
∂PHS

∣∣∣∣
T

1
kBTρs

= kBT
∂ρs
∂PHS

∣∣∣∣
T

=
∂ρs

∂ (ρsZHS)

∣∣∣∣
T

(459)

Differentiating ρsZ
HS, at constant temperature and setting K = M1M2/M3 and L =

M3
2 /M

2
3 , we get,

∂
(
ρsZ

HS)
∂ρs

= ZHS + η
∂
(
ZHS)
∂η

=
Lη4 − 4Lη3 + (9L− 6K + 1) η2 + (6K − 2) η + 1

(1− η)4
(460)

We have used,
∂
(
ZHS)
∂η

=
−3K(η2 − 1) + η (6L+ η − 2) + 1

(1− η)4
. (461)

This gives the reduced isothermal compressibillity for additive hard-sphere mixtures,

KHS
mix =

(1− η)4

Lη4 − 4Lη3 + (9L− 6K + 1) η2 + (6K − 2) η + 1
. (462)

Setting L = K = 1, we see that KHS
mix reduces to KHS.

9.2.1 Analytical differentials

Differentials are needed down to second order in temperature, mol numbers and volume,
additional differentials are required for the chain model. A new symbol, D, is introduced for
the denominator, and N is introduced by the nominator,

D = Lη4 − 4Lη3 + (9L− 6K + 1) η2 + (6K − 2) η + 1, (463)
N = (1− η)4 . (464)

DK = −6η2 + 6η, (465)
DKη = −12η + 6. (466)

DL = η4 − 4η3 + 9η2, (467)
DLη = 4η3 − 12η2 + 18η, (468)

Using β̄ = KHS
mix,

β̄K = −NDK

D2
, (469)

β̄KK =
2ND2

K

D3
, (470)

β̄KL =
2NDKDL

D3
, (471)

β̄Kη =
−NηDDK −NDDKη + 2NDKDη

D3
. (472)



The β̄L follow the same pattern.

Dη = 4Lη3 − 12Lη2 + 2 (9L− 6K + 1) η + 6K − 2, (473)
Dηη = 12Lη2 − 24Lη + 18L− 12K + 2, (474)
Nη = −4 (1− η)3 , (475)
Nηη = 12 (1− η)2 . (476)

β̄η =
DNη −NDη

D2
, (477)

β̄ηη =
D2Nηη −NDDηη − 2DNηDη + 2ND2

η

D3
. (478)

β̄T =β̄KKT + β̄LLT + β̄ηηT , (479)
β̄TT =β̄KKK2

T + β̄LLL
2
T + β̄ηηη

2
T + 2β̄KLLTKT + 2β̄KηKT ηT + 2β̄LηLT ηT+

+ β̄KKTT + β̄LLTT + β̄ηηTT , (480)
β̄TV =

(
β̄KηKT + β̄LηLT + β̄ηηηT

)
ηV + β̄ηηTV , (481)

β̄V =β̄ηηV , (482)
β̄V V =β̄ηηη

2
V + β̄ηηV V , (483)

β̄i =β̄KKi + β̄LLi + β̄ηηi, (484)
β̄ij =

(
β̄KKKj + β̄KLLj + β̄Kηηj

)
Ki

+
(
β̄KLKj + β̄LLLj + β̄Lηηj

)
Li

+
(
β̄KηKj + β̄LηLj + β̄ηηηj

)
ηi

+ β̄KKij + β̄LLij + β̄ηηij , (485)
β̄Ti =

(
β̄KKKi + β̄KLLi + β̄Kηηi

)
KT

+
(
β̄KLKi + β̄LLLi + β̄Lηηi

)
LT

+
(
β̄KηKi + β̄LηLi + β̄ηηηi

)
ηT

+ β̄KKTi + β̄LLTi + β̄ηηTi (486)
β̄V i =

(
β̄KηKi + β̄LηLi + β̄ηηηi

)
ηV + β̄ηηV i. (487)

We introduce M̄l = Ml
∑

ims,ini and differentiate,

M̄l,T =
∑
i

ms,inild
l−1
ii dii,T l ∈ 1, 2, 3, (488)

M̄l,TT =

{∑
ims,inidii,TT l ∈ 1,∑
ims,inild

l−2
ii

(
(l − 1) d2ii,T + diidii,TT

)
l ∈ 2, 3,

(489)

M̄l,ni
=ms,id

l
ii l ∈ 1, 2, 3, (490)

M̄l,nn =0 l ∈ 1, 2, 3, (491)
M̄l,Tni

=ms,ild
l−1
ii dii,T l ∈ 1, 2, 3. (492)



Using M̄l and ns =
∑

ims,ini, we get K = M̄1M̄2/
(
nsM̄3

)
and L = M̄3

2 /
(
nsM̄

2
3

)
.

nsM̄3K = M̄1M̄2, (493)
nsM̄3,TK + nsM̄3KT = M̄1,T M̄2 + M̄1M̄2,T , (494)

nsM̄3,TTK + 2nsM̄3,TKT + nsM̄3KTT = M̄1,TT M̄2 + 2M̄1,T M̄2,T + M̄1M̄2,TT , (495)
ms,iM̄3K + nsM̄3,iK + nsM̄3Ki = M̄1,iM̄2 + M̄1M̄2,i, (496)

ms,iM̄3,jK +ms,iM̄3Kj +ms,jM̄3,iK + nsM̄3,iKj +ms,jM̄3Ki + nsM̄3,jKi

+nsM̄3Kij = M̄1,iM̄2,j + M̄1,jM̄2,i, (497)
ms.iM̄3,TK + nsM̄3,T iK + nsM̄3,TKi +ms,iM̄3KT + nsM̄3,iKT + nsM̄3KTi =

M̄1,T iM̄2 + M̄1,T M̄2,i + M̄1,iM̄2,T + M̄1M̄2,T i. (498)

KT =
M̄1,T M̄2 + M̄1M̄2,T − nsM̄3,TK

nsM̄3
, (499)

KTT =
M̄1,TT M̄2 + 2M̄1,T M̄2,T + M̄1M̄2,TT − nsM̄3,TTK − 2nsM̄3,TKT

nsM̄3
, (500)

Ki =
M̄1,iM̄2 + M̄1M̄2,i −ms,iM̄3K − nsM̄3,iK

nsM̄3
, (501)

Kij =
M̄1,iM̄2,j + M̄1,jM̄2,i −ms,iM̄3,jK −ms,iM̄3Kj −ms,jM̄3,iK

nsM̄3

+
−nsM̄3,iKj −ms,jM̄3Ki − nsM̄3,jKi

nsM̄3
, (502)

KTi =
M̄1,T iM̄2 + M̄1,T M̄2,i + M̄1,iM̄2,T + M̄1M̄2,T i −ms.iM̄3,TK − nsM̄3,T iK

nsM̄3

+
−nsM̄3,TKi −ms,iM̄3KT − nsM̄3,iKT

nsM̄3
(503)

nsM̄
2
3L = M̄3

2 (504)
2nsM̄3M̄3,TL + nsM̄

2
3LT = 3M̄2

2 M̄2,T (505)
2nsM̄

2
3,TL + 2nsM̄3M̄3,TTL + 4nsM̄3M̄3,TLT + nsM̄

2
3LTT = 6M̄2M̄

2
2,T + 3M̄2

2 M̄2,TT (506)
2ms,iM̄3M̄3,TL + 2nsM̄3,iM̄3,TL + 2nsM̄3M̄3,T iL ++2nsM̄3M̄3,TLi +ms,iM̄

2
3LT

+2nsM̄3M̄3,iLT + nsM̄
2
3LTi = 6M̄2M̄2,iM̄2,T + 3M̄2

2 M̄2,T i (507)
ms,iM̄

2
3L + 2nsM̄3M̄3,iL + nsM̄

2
3Li = 3M̄2

2 M̄2,i (508)
2ms,iM̄3M̄3,jL +ms,iM̄

2
3Lj + 2ms,jM̄3M̄3,iL + 2nsM̄3,jM̄3,iL + 2nsM̄3M̄3,iLj

+ms,jM̄
2
3Li + 2nsM̄3M̄3,jLi + nsM̄

2
3Lij = 6M̄2M̄2,jM̄2,i + 3M̄2

2 M̄2,ij . (509)



LT =
3M̄2

2 M̄2,T − 2nsM̄3M̄3,TL

nsM̄2
3

(510)

LTT =
6M̄2M̄

2
2,T + 3M̄2

2 M̄2,TT − 2nsM̄
2
3,TL − 2nsM̄3M̄3,TTL − 4nsM̄3M̄3,TLT

nsM̄2
3

(511)

LTi =
6M̄2M̄2,iM̄2,T + 3M̄2

2 M̄2,T i − 2ms,iM̄3M̄3,TL − 2nsM̄3,iM̄3,TL

nsM̄2
3

+
−2nsM̄3M̄3,T iL − 2nsM̄3M̄3,TLi −ms,iM̄

2
3LT − 2nsM̄3M̄3,iLT

nsM̄2
3

(512)

Li =
3M̄2

2 M̄2,i −ms,iM̄
2
3L − 2nsM̄3M̄3,iL

nsM̄2
3

(513)

Lij =
6M̄2M̄2,jM̄2,i + 3M̄2

2 M̄2,ij − 2ms,iM̄3M̄3,jL −ms,iM̄
2
3Lj − 2ms,jM̄3M̄3,iL

nsM̄2
3

+
−2nsM̄3,jM̄3,iL − 2nsM̄3M̄3,iLj −ms,jM̄

2
3Li − 2nsM̄3M̄3,jLi

nsM̄2
3

. (514)
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