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1 Introduction

This memo was written when implementing the SAFT-VR Mie equation of state [8], and
contains SAFT-VR Mie equations and differentials. The equations used for the extension of
SAFT-VR Mie to support Feynman-Hibbs quantum corrected poteitials [2, 1] as well as some
equations used in the work of Hammer et al. [6] are included.

SAFT-VR Mie is a thermodynamic perturbtion theory in the Baker-Henderson [3, 4]
framework.

2 Model

The Mie potential,

omor-ee((2)(9)") g

Aa

A (A Nor
_ Ar 2
=5 (A) ’ @

The resulting Helmholtz free energy function is comprised of the four main parts,

where,

A= Aid +Am0no+Achain+Aassoc, (3)

where the ideal and association part is similar to what we have been using. In the following
it is used lower caps letter for the reduced Helmholtz energy.

2.1 Differentials

As we will see, the various expressions for a, are described as functions of the packing fraction,
1, and the reduced centre-centre distance for two hard spheres, xg. There are also direct
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dependence to T'. The differentials will be calculated based on n and zg, and the use of the
chain rule to get differentials in V' etc. We use the following dependencies,

a =a (n, o) (4)
n=n(V.T,n) (5)
zo =z (T) (6)
giving,
a:a(n(vﬂTvn)7$0(T)vT)‘ (7)

Looking ahead to Equation 141 and 139, it is seen that some third order differentials is needed
as well for a7 and as.

3 Monomer contribution to the Mie fluid

The reduced monomer Helmholtz energy consists of a series expansion to third order in
B = 1/(kgT). The monomer contribution is a function of monomer number density. The
monomer segment number mg, is the number of segments per molecule. We therefore have
Ng = mgN, where N is the number of molecules. We use,

Am
a™"® = mga™ = M N T (8)
The monomer expansion becomes,
a™ = a"® + Bay + fPaz + fPas. (9)

3.1 Hard-sphere diameter
The hard-sphere reduced Helmholtz free energy is given by the Carnahan and Starling EOS,

a8 — A1 =3 (10)
(1—mn)
Where,
pe (d15)° 7N pmgn (d15)°
-6 6V ’
and d"S is the hard-sphere diameter. The hard-sphere diameter used by [8], is given as

(11)

d"S = /00 [1 —exp (—puMe (r))] dr. (12)

Here f = 1/(kT). This function is impossible to integrate analytically, and must be ap-
proximated in order to have an explicit formulation. According to Papaioannou et al. [10]
a 5 point Gauss-Legendre quadrature is applied for the SAFT-VR Mie EOS, as shown by
Paricaud [11]. There is a slight mismatch between the papers, Paricaud [11] evaluates 10
points, and refers to the method as ten-point, while Papaioannou et al. [10] refers to this as
a 5 point quadrature. It is believed to be a 10 point quadrature.
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The Gauss-Legendre quadrature is for integration in the interval [-1,1].

problem, the quadrature would take the following form, using x = r /o,

o [ o (o0 (G )

n
g i g g
~ g 2w [t ew (St (Gas )
1=

To fit with our

(13)

(14)

—
=
(oW
[e]
"

L W;

© 00 J O U i W N~

-0.973906528517171720078  0.0666713443086881375936
-0.8650633666889845107321  0.149451349150580593146
-0.6794095682990244062343  0.219086362515982043996
-0.4333953941292471907993  0.2692667193099963550912
-0.1488743389816312108848  0.2955242247147528701739
0.1488743389816312108848  0.295524224714752870174
0.4333953941292471907993  0.269266719309996355091
0.6794095682990244062343  0.2190863625159820439955
0.8650633666889845107321  0.1494513491505805931458

10 0.973906528517171720078  0.0666713443086881375936

Table 1: Gauss-Legendre quadrature points

The quadrature approach was tested using methane parameters (A, = 12.650, A\, = 6.0,
¢/kp = 153.36 (K), o = 3.7412 (A)) at T = 300.0 (K), revealed an error in the order 1072,

using 10 point Gauss Legendre quadrature.

It is noted that the first 5 nodes all evaluate to unity, and the contribution from the

exponential term is lost in numerical truncation.
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3.1.1 Differential terms

Differentials of n:

I n
el S 15
3V v (15)
*n _ 2
== 16
ov?2 V2’ ( )
8% 61
— = — 17
=~ T (17)
on 3ndd
4 2077 18
or d o1’ (18)
0% _6n (0d ’ 3n 0%d (19)
or?  d> \oT d 012’
n __ 1o (20)
ovor VvV or’
0%n 2 On
_20n 21
ov2oT V2oT’ (21)
0°n 1 0%n
5 =— =275 (22)
o120V VvV or
(23)
Differentials for a = na simply become,
ax,x; =Nx,;x;0+nx,ax; +nx,;ax; + 10x,X; (25)
ax,X; X, =NX,X;X, 0+ Nx,x,0x, + Nx,x,0x; T Nx,0X, X,
Differentials of d, allowing for a temperature dependent uMe:
od  Bo & QuMie g Mie Mi
= _F7 ; i M o Mie , 9
aT 2Zw<6T T)eXp( pui™) (27)

=1

[\

oT 2 P oT T

n ie ie\ 2 ie ie
#d_pos~, [ﬁ T L
Differentials of the hard-sphere term:
da"S — 2((n—2)

on (1—mn)?’
9?a"S 10— 4n
o (1-pt

3.2 First order monomer perturbation

The first-order perturbation term is calculated from,

o
a] = 27Tps/ g(IfS (r) yMie (r) r2dr.
g

T2 T2 T 9T

Mie
2 90 )] exp (=Bl

(31)
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Here g}fs is the reference hard-sphere radial-distribution-function (RDF), approximated as

i (@) = 5 )

Lafitte et al. [8] developed an algebraic approximation to aq,
a1 =C [a3 (5 0 2Aa) + B (g A)) = b (a (s A) + B M) |- (33)

Here 9 = o/d, and a% is the Helmholtz free energy of the hard-core Sutherland particle,

1 L —nei (; A) /2
ai (m;A) = —12en) (/\ 3> d )/3, (34)
=3/ (L= e (15 )
where,
et (13 2) = 1 (M) n+ca (M) 0 + e N n° + s (M) ' (35)
is a correlation valid for 5 < A < 100. The coefficients are given from,
c1 0.81096 1.7888 —37.578 92.284 1
co | 1.0205 —19.341 151.26 —463.50 1/A (36)
cs | | —1.9057 22.845 —228.14 973.92 /]
c4 1.0885 —6.1962 106.98 —677.64 /X3
B is calculated as follows,
1—n/2 9n (1+n)
B = 12 (T80 0 - T ) (37)
(1—n)° 2(1—n)°
= 6ne (kr (n) Ix (A) + kg (1) Ia (A)) - (38)
Here,
(3=X)
T -1
Ly(\)=-"2——— 39
O (39)
; m__xg“**) A=3)—af™MV(A—1) -1 (40)
AT A—3)(A—4) ’
and,
2—1
kr(n) = —3, (41)
(1—n)’
9n (1 +n)
ki(n) =——"——"3"" (42)
(1—n)’
Looking ahead to the mixture formulation, a reduced property is defined,
a
a=—. 43
” (43)

This gives,

a1 =C [ay (@ d) + B h)) = o (5 i A + B d) | (44)
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3.2.1 Differential terms

Differentials of 7eg:

One
%ﬂﬁ =c1 + 2e9 31 + 3ez a0 + dea a0, (45)
9%n,
E)ZQH =22\ + 6es 1) + 12¢4 5177, (46)
3.
Oz?ff =6c3 )\ + 24c4 27 (47)
Differentials of d?:
677 (1 neff 4
82al _ 2Meft — 5 a277eff . 6 (1eff — 3) (377eff>2 (49)
on? (1 —meg)* O*  (1—neg)® \ 00 ) |’
oay _ (200t — 83neg 12 (7 — 2negt) <8neff>3 18 (et — 3) et O 1ot
o (1= nesr) 4 (1—nex)® \ O (1—nex)® On On?
(50)
Differentials of B:
OB (kDI k0, (51)
677“0306 B ont 0ol ot Ozl )
Differentials of k; and k:
% _ M (52)
o (1-n*
om*  (1-n)’
O3ky _ 12(7—2n) (54)
on? 1-n°"
8k‘J:_9(772+477+1) (55)
On (L—m*
Pky  18(P +Tn+4) (56)
on? 1-n>
ks _ 54(n*+10n+9) (57)
on’ (1-mn)°
Differentials of Iy:
O _ (2-n)
v =, , (58)
%I A
A= a2 Y. (59)

0x¢?
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Differentials of Jy:
0Jy

(2-X)

3—A
s =z — 2™, (60)
9%\ (2-2) (1-2)
g2 =B3-XNx; —2=Nzy; 7. (61)
Differentials of a; then becomes:
0a 1) /. ~ 1) [~ ~
871'; :C |:>\a$(())\a 1) ((I?)\a + B)\a) — )\rJT[()/\ 1) <a§>\r + B)\r)
dB dB
29Bx. A 0By
—|—$0 833‘0 $0 8.7}(] ’ (62)
0%a —9) (- ~ —9) (- ~
89502 = [)\a (Ao — 1)95(()/\a 2) (a% + B,\a) “ A (N — 1)$(()Ar 2) (ai\l +BAr)
(-1 0By, -1)0By, | 3, 0°By, 5, 9°By,
2 a - =2 T B - )
+ A I‘O 81‘0 A 0 on 0 83502 0 81}02 (63)
dar _, 2 0ajy, 9By \ o 0a3,, 9B, ’ (64)
on on on on on
25 (9% 2B o%af B
0 a21 —c x())\a 12)\ 0 2,\a —xér a12/\ 0 ;r ’ (65)
on I on on on n
3~ i 9355 3B 935S 3B
0 a31 —C | 13)\ 0 ;;\a s a13,\ 0 ;r ’ (66)
an I an an on an
&ay _c _)\ LRa=D) 93t 9B, ~ gD 9ay,, OB,
ondxg I a0 an on o aon an
>*B 9’B
2%9°Bx, e
o 0zgon Y dx0dn (67)
O ay _c |y gD da3y, 9B, ~ gD dagy, OBy,
On20xg a0 on on ro on on
>’B 9’B
20" By, A 0°By,
o OxoOn o Oxoon |’ (68)
D3ay (Aa—2) day,, OB, (Ae—2) daj,, OBy
=C [Aa(Aa—1 * . = A (A — 1 : s s
0x020n ¢ [ (A ) o on on (A ) o on on
_1)9’B _19’B >*B >*B
M (Ra—1) Aa W (A—1) Ar Aa Aa A M|
2Ty Oxo0n %o Oxo0n %o 0x020n %o 0x020n (69)
Differentials of xg,
81‘0 _ ZTo od
or doT’ (70)
2 2
8.1:()7 28%0% xoad (71)

oT1?

© doT AT d oT*
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Using e for n, and z for xp, and simplifying the differential notation (ar = da/0T), the n
and z( differential can be converted to T'V differentials. If we have a(e(T,V),z(T)), the

differentials become,

ar =aeer + azTT,
ATT =eclh + 20ezeTTT + QeTT + Qpp®h + azrrT,
ay =ae€y,
ayy :aeee%/ + acevv,
AVVY =eec€ly + 3aeceyevy + aceyyy,

QYT =0Cee€VET + Gy T + QezeyV T,

2 2
AVVT =0eecCl/ €T + QeeCV VT + 2aecy YT + Ay VT + Geex €y TT + QeglV vV TT,

2
AQVTT =0eeeCV € + 20¢ceTCYT + 20000V ETTT + 20088V TTT

2
+ QeclTT + AV TT + Qe €VIT + Qex€VXTT-

3.3 Second order monomer perturbation

The second order monomer perturbation is given as,

1
az =5 K (14x) € [2™ (af (:20) + B (n:20))

gt <a§ (5 Aa + ) + B (5 A + )\r))

o (af 2n) + Bm2n) |-

Here,
4
1+4n +4n? — 43 +

and,

X=f1(0) &+ f2() (&)’ + f3 (@) (&)°.

Here (, is temperature independent and defined as,
7N aAmgo3

6V
11
Aa—3 AN-3)7

=3
_ ZZ:(] ¢i,nan
- =6 _
L4 30—y Gina”™?

— 3 —
=nry =

8

« is given as,

Q

o =

and f; (a) is given from,

fi(a)

1€1,...,6.
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n 1.0 b2.n ®3.n Pan ®5.n ®6n P
0 7.5365557  -359.44 1550.9 -1.19932 -1911.28 9236.9 10
1 -37.60463 1825.6 -5070.1 9.063632 21390.175 -129430 10
2 71.745953 -3168.0 6534.6 -17.9482 -51320.7 357230 0.57
3 -46.83552 1884.2 -3288.7 11.34027  37064.54 -315530 -6.7
4 -2.467982 -0.82376 -2.7171 20.52142 1103.742 1390.2 -8
5 -0.50272 -3.1935 2.0883 -56.6377 -3264.61 -4518.2

6 8.0956883 3.7090 0 40.53683 2556.181 4241.6

Table 2: ¢;,, coefficients

3.3.1 Differential terms
Differentials of KHS:

DKM 4 (n?—5n—2)(1-n)°

- , 88
O (14 4n+ 42 — 4P + 1) (88)
O2KMS 4 (308 — 30n° + 7Tyt — 80n° + 39n% + 82y + 17) (1 — n)° (9)
o (1+ 4n + 4n% — 4n3 + p4)° ’
PP KHS _48 (n'® — 150 + 77n® — 21007 + 3721° — 3521 + 23873 — 109n? — 97y — 13) (1 — )
o’ (14 4n + 402 — 4P + 7*)* '
(90)
Differentials of y:
dx _ =4 =7
T _fl (Oé) + 5f2 (a) Cx + 8f3 (a) Cx’ (91)
82X =3 =6
e =20f2 (@) ¢ +56f3 () &z, (92)
33X =2 =5
el =60/ (a) (G + 3363 () G- (93)
The ¢, differentials become,
e G
__ 4
ov vV’ (54)
?C 2G,
8‘/2 :W7 (95)
iy 6C,
ovs — V3’ (96)

ap is split before differentiating, as the second and third order differentials will become ugly.
Since y is a function of (., and not 1 and xq, it will is best to separate the differentials from
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x and the rest of the terms.

a3 =032,102,2,

1
a1 igKHS (1 + X) €C2,

2 (S XatAe (S 2 (S
azz2 =g (01(2>\a) + B(2/\a)) — 27 (al(Aa—Mr) + B(Aa+Ar)> + xy <a’1(2>\r) + B(%)) ;

a1
1+’

a2,y =02,1022.

az1 =

The differentials of @s 1 simply becomes:

8@2,1 _6C2 JKHS
on 2 on
d%asy  eC? OPKMS
o 2 o’
83(_12’1 _602 9% KHS
o 2 o
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Differentials of a2 then becomes:

daz 2 Ma—1) [ 8 Aatd—1) [ s
B0 =22z (%ma) + B(Q)\a)> — 2N+ A a6 : (%(Aaﬂr) T B(Aaﬂr))
Ar—
+2x 2 (aizxr) + B(%))
0B 0B 0B
2) (2Xa) PYRDY (AatAr) 2) (2Ar)
a _ 2 a r T 1
+ xg D ) D10 + xp Do (106)
82a272 2 a—2
Frs =2 (2= D™ (aSar) + Bor)
XatAr—
—2 (Aa + )\r) (Aa + )\r - 1) 33'(() i ? (aﬁ()\a‘i‘)\r) + B()‘a+)\r)>
Ae—
2N (20 — 1) 2PN (CL?(%) + B(%))
4+ g2 82B(%a) _gpratA 62B(Aaﬂr) 22 623(%)
0 89502 0 81'02 0 8.%‘02
0B 0B 0B
@xa-1)95@xn) CatAe—1) 9B +,) 2x—1) 9D (2x,)
+ 4Nz “Org 4(Na+ ) zg “omy + 4z “ore
(107)
S S
Dazz _ ox D07 o1,) L 9B | g oaetn 0% ar) L 9Bousa
on 0 on on 0 n on
day OB
NI 28 1(2Ar) + (M) , 108
2 82LLS 2B a?aS 2B
0%azp _ o, 120) | I7BN) ) o ek 1atA) I B0atA)
on? 0 on? on? 0 on? on?
&2af 9B
2\ 1(2Ar) (2Xr)
r 1
T o < on? + on> ) ’ (109)
3 S 3 S
Pazy _ o, (%0 PBoa ) g oaeia (TG0t | 9 Bowin
on? 0 on? on? 0 on? on?
&al B
2 1(2Ar) (2Ar)
r 11
* 70 ( o o > ’ .
D*az (2Xa—1) aa?(m )y 0B, CatAe—1) 3“?@ ) 9Bousa
9 :2A a a a _ 2 A Ar a T a r a T
ondxg a0 on + on (a+ Ar) g on + on
daf OB
(2A:—1) 1(2)\:) (2Xr)
2
+ 2M ( an + o
+ xZAa a2B(2Aa) o 2:1:Aa+)\r 82B()\a+Ar) 2Ar 823(2)‘1") (111)

O Qxgon 0 OxoOn %o Oxoon ’

)
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Lo

3 0%a 9*B a3 9?B
0%az 2 —o), (2Xa—1) ( 1(2Xa) n (2/\a)> —2(>\a+>\r)xé&‘“rfl) < 1(Aa+Ar) n (AatAr)

on20xy on? on?
02af 0B
(2A—1) 1(2\) (2\r)
+ 2\x; ( o2 + o2 )
1 g2 83B(2Aa) _gptatA 83B()‘a+)\r) 12 833(2x\r)
O on2oxg 0 On20xg O o0z’
Pass @n-2) 9 a?(z,\ )y OBy,
2 90 (20 — 1) 2P . .
0x020n ( )20 on + on
. [0dS
— 200+ A) (a+ A — ( 9
n
das OB
2 —2) 1(2\r) (2Xr)
20 (2A — 1
+ 2 (27 )z ( an + an

(2Xa—1) 523(2x\a)

Oatr—1) P Bt

4\ —— 4 (M A
3o O0xo0n G+ A0 7o OxoOn
3 3 3
+ a:”am _ xkaﬂrm $2Ar8 B
0 dzy20n 0 0x¢20n O Oxo20n
Combining a2 and as 2, using as, = G2,102,2,
dagy _ Oagp
=az1 ,
8.%'0 81‘0
32a2,x _ 32@2,2
=a
0z2 21 0x¢2 "’
dazy _ Oage 0ag,
= a ,
377 2,1 (‘977 2,2 )
82@2»( - 82@2,2 dag Dag o ({92@271
2 :a2,1 2 + 0/2’272’
on on on  On on
a3612 X = a3612 2 826—12 10as2 dao1 82(12 2
= =ag1 = +3 : ’ ; ;
on? o3 on?  on on  on?
Dag  Dagy Dagy  Dagy
ndxy  On Oxg ' 0wmeon
83a27x Pag s dag1 0%ag s D3as

On20xg —%21 On20xg on  Ondxg 922 on20xzg

ath) 3B(Aa+Ar)>
on

+ 4z

636271
a22—F—=—
on3 "’

(112)

(2 —1) 82B(2>\r)

0xo0n

(113)

(114)
(115)
(116)
(117)
(118)
(119)

(120)

(121)



SINTEF

The as differentials become,

g‘;f —(1+) 8;?‘, (122)
22;‘22 =(1+Y) 82332“, (123)
02 (143 22y 2§§ (124)
NI A
553@=<1+x> 22@5& (127
3.4 Third order monomer perturbation
The second order monomer perturbation is given as,
az = —€f1 (@) Grexp (fs (@) G + fo (@) &) . (129)
3.4.1 Differential terms
Differentials of ag then becomes:
ggj =as [Clz + f5+ 2f6Ca:] ; (130)
fg; —as [ s ofok (208 (131)

3.5 Chains of monomer Mie segments

The Mie segments are assumed to be tangentially bounded at r = ¢ from mg segments. The
reduced Helmholtz contribution for the chain formation is given by the Wertheim TPT1 from,

qchain — (mg—1)In (gMie (J)) , (132)
where gMi€ is the RDF at contact,

Begi (o) + (Be)® ga (o)
955 (o)

M (o) (133)

g =94 (o) exp

Here,
g8 (0) = exp (ko + k1o + kax§ + kszj) , (134)
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with

42n — 391 + 9n3 — 24

ko=—In(1-— , 135
0 (1—n) 6(1— 77)3 (135)
4+ 6m? — 12
= 2O (136)
2(1—mn)
a2
. (137)
8(L—mn)
4 2
y = 13 J;?’”. (138)
6(L—mn)
For g; we have,
1 [0m 2 @8 (1 2a) + B (13 Xa) A @3 (05 A0) + B (75 M)
g1 (o) s [3 . Chax) o + CAhrxy o ,
1 [3%1 P e a3 (115 M) + B (15 Aa) e af (g \:) + B (n;Ar)] ’
12¢ [ Ops n n n
_ L %KfC)\ z)? (&S(n')\ )+ B (m; A )) + CAvzy” (ds(n'A)JrB(n')\ ))
126 OV ,'7 at( 1 )y \a y \a 0 1 y /\r y /\r .
(139)
For go we have,
92 (0) = (1+7c) 95" (0) (140)

were

1 <1i2x> af (A + Aa) + B (105 A + Aa)
MCA HS »2 (Ar+2a) @1 (75 Ar a 75 Ar a
= K A+ Aa
g5 =2 (o) 538 [3 o +e€ C* (A + Xa) g .
L RSE2y 20 0 (1:20) + B (1 2))
a
0 Ps
S (n:2)\) + B (n; 2\,
_GKHSC2)\r$3/\r ay (777 ) + (77, ) ’ (141)
Ps
1 dag V N 5
=103 {_ 5‘2/% ’ 1 eKTSC2 (A 4 Ag) ) (a§ (M5 A+ Xa) + B (m5 A + /\a))

— eKISCRNa (af (n:2A0) + B (1:2)00))
—eKHSC2) 22N (a% (n;2)\:) + B (n; 2/\r)) } (142)

and,
Yo = ¢7,0 (1 — tanh (¢7,1 (¢p72 — @))) &b exp (¢7,3C + 7.4C) - (143)

0 is given as
0 = exp (Be) — 1. (144)
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3.5.1 Differentials

g1 =911 + 91,2,
__Vou
g1 = den OV’

S =gl 1 N
gMCA _ V. dagy

21 4e2n OV

vca  C? 2 (=S 5
922" =150 [ — Az (‘31 (n;2\) + B (77;2>\r)>

Differentials for k;,

+ ()\r + )‘a) x(()kr-i_)\a) (EL% (775 Ar + )\a) + B (773 Ar + Aa))

-

Before differentiating g; and gé\/ICA

is split as follows,

91,2 :1%6 [—Aaxé‘"‘ (é? (7 Xa) + B (n; )\a)) + A (a?

axg)\a

<d§ (7:2Xa) + B (n; 2)\a)) ] :

(1 0) + B (g )]

Oky  m* —Tn®+3n* —6n+24

o 3(1—mn)* ’
ko mP+ 50+ 4n—30
o (1-n)° ’

Ok, —12—12n+ 6n% + 4> — n*
o 2(1—mn)*

Pky (=6 (5+2n—2n?)
o (1-n)°

8k2 N —377

o a1 —n)”

0%ks 3(2n+1)

o2 a1 -n*

ks 3+12n+3n* —dnd 4+t
o 6(1—mn)* ’
Pky  —4—Tn+n?

o (1-g)°

9

(145)

(146)

(147)

(148)

(149)

(150)

(151)
(152)
(153)
(154)
(155)
(156)
(157)

(158)
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The differentials for ggs becomes,

0gts Oko Ok ok
d_ _gHs <0 ! 2224

877 677 + W:EO + (977
2 gs s [ <8k0 Ok ks
d

Oks
on

On? on on on

9%ky
X

3
330) s

2
+ X0+ 2+ x0>

(P,
on?

=955 (k1 + 2kawo + 3k3f)

On? 0 On? o
895{8
Dxo
ngs
Ozo

0xo0n —9d on + %azo on

ok, Ok Oks o

Differentiating g1 1,

ok
——x + 87773 3

:ggs |:(k‘1 + 2koxg + 3]{;333‘(2))2 + (2k2 + 6]{331‘0):| ?

.T0> (k‘l + 2koxg + 3]433:E(2))

ang o 3V2 2 8a1 (92@1
oV 2N (vav * av2> !
%11 _ 3?2 2 0a1 4 0%a1 P
oV 2N (v%vv Tyae T av3> ’
ang . 3V2 82a1 391,1 od
oT ~— 2enN,BOVoT  d 0T’
8291,1 N 3V2 83a1 691,1 od 2 391,1 82d 6 0d 69171
T2~ 2enN,d39T20V  d2 (8T> ~d 9T? daT 9T’
Pgin 3V (2 0%a; N 0ay ) 3 0d dg1a
oToV 2erNyd3 \V OVaT ' ov29T ) " doT oV -

(159)

(160)
(161)

(162)

(163)

(164)
(165)
(166)
(167)

(168)
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Differentiating g1 2,

dgia  C | N L) A 1, OB\
=2 = » o : )L 169
oy 12¢ | %o < an an ol an (169)
qa  C | N[00, | 2By A [0°38,,  9%2B,
= =—— | = Azt 2 2 ArZ)" r =, 170
on? 12 I %o on? + on? + AT on? + on? (170)
dgia  C | A [ 05, B, A I | 0D,
ik b S _)\a a a a )\r r r
8$0 12¢ 70 < 8.7}0 + 81‘0 0 6%0 6.%'0
“Aa? (())\a 1) a?Aa +BAa) + >\r23;(()Ar 1) (a% +BAr> , (171)
0912 :i gha 826/§)\a i 0*By, o 825‘§>\r 0*By,
8.%02 12¢ a0 83502 81‘02 o 0 02 8.%'02
=A% O = D (@, + Bu) A2 - DY (a, + By
oas OB oas OB
o2 (Aa—1) I Aa 92,2 (Ar—1) I Ar 179
0 Oxg * Oxg + o Oz * dzo ’ ( )
Pqp2  C 2 (1) (935, OB, 2 (ne1) (0@, OB,
) —_ _Aa a a a Ar T T r
ondxrg 12¢ %0 on + on AT on * on
o%ay,, OB o%ay,,  9°B
_)\a )\a 1)\a )\a )\r >\r 1)\r )\r 173
%o (87781‘0 + ondxg + AT ondxg + ondxg (173)

The differentials for g%ﬁCA

az,y, and dividing with e.

Differentiating glz\/IQCA,

~S ~
dgh'sH % [ g2 (‘%1(%) N 33(%))

is given from equations 164 to 168, simply by replacing a; with

on T 12 0 on on
+ (O Aa) g 080, 120 n OB ,)
r a) dg 877 (977
as OB
S ( 18(;Aa) n 3(72;3)> ] ’ (174)
Pgrst C2[ e P (ar,) N 9”Bax,)
o2 12¢ o on? on?
0%a3 92B
(Ar+Aa) 1(Ar+Aa) (Ae+Aa)
+ ()\r + )\a) xo ( 8772 + 8772 )

0%al 0°B
2a 1(27a) (2Xa)
— Xt ( o2 + 2 ) } , (175)
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dgys ™ C? 2,201 (58 -
by 12c| M (& + Beno)
+ (A Aa) Y <GS(Ar+Aa) + B ia, ))
OB
2>\a—1 2, Y2 (2A)
—2Xa 2 <a1(2>\ ) + B(Q)\ )) — Az B
+ ()\ + A )x(>\r+>\a) 8B(Ar+)\a) Y ZL‘2)\a 83(2)\3) (176)
' armo (91'0 a0 8.%'0 ’
Pgyish 2 2
T =ioe | 2 @M - D (@er) + Ber)
2 M+Aa—2) (=S
+ O+ Aa)” A+ Aa = 1) : ( T+2) T B(Arﬂa))
OB
2, —2 2_2x,-1YL2N)
=202 (2% = 1) ag 7 (@, + Bery ) — 2023 oo
OB OB
2 ()\ +Aa—1) OB (Ac42a) 2, 2X,—1Y2(2X)
()\ +)\ ) 8380 -2 a0 axo
9’B d’°B 9’°B

_ 2 (2Ar ) (Ar+Xa) Aetda) 2Xa (2Xa)

Mg g Qe A ag T S = A S ] (177)

MCA 55 B
Pyt C? [ PSR (a%(zxr) N aB(?)\r)>

dzodn  12¢ on on

., (9a3 OB
i (/\r+/\a)2 x(()’\’+’\a 1) ( 1(>\r+)\a) (Ar+Aa)>

on on
~S ~ ~
9\ 221 8a1(2)\a) I 9Bax,) g2 823(2/\r)
a0 an on 0 9x00n
9°B 5’B
)\ )\ ()\r+)\a) ()\ +)\a) _ )\a 2Aa (2)‘a) . 1
+ (At Aa) 7 0xo0n 0 0xo0n (178)

The differentials of go 1 differe structure only in the pre-factor from the g;; differentials
in Equation 164-168.
Introducing an auxiliary function for vq, f (Cx) = ¢73C + ¢7,4§§, and differentiating

Ve = /0 we get,

87(3 o[ 1 ﬁ
ac, © [cx "o, } (179)
¢, 2 0f of \? 02f
o2 [cm s+ () 3 10
ggc =¢7.3 + 207.4Cs, (181)
2
o f :2(25774. (182)

a¢2
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Differentiating 6,

or ~ P\ kT ) kg2

@ o € € 2+ 2¢
a1z~ P\ kpT ) |\ kpT2 kT3
Differentiating 7(939,
0 _g 00, 00
ar _Cor T ar
e - 0% + 287(03@ %
or2 ~'Cor? T T oT AT T 9T?’
e _ 018
ov oV’
e _ 4L,
ov?2 ove’
e koo o
orov oV oT oTovV
For X € {T,V} we have,
aachain B _( B 1) 1 agMie
ox; T gMie X,
82achain _ (m B 1) 1 B 1 8gMie agMie 82gMie
8XZ6XJ ® gMie gMie 8X2 8X] 8XZ8X]

)

(183)

(184)

(185)
(186)
(187)
(188)

(189)

(190)

(191)

(192)
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Introduce auxiliary function, w,

RN (oY (193)
w ggs _ T a1 ks T g2,
[ 2 s
giTU :%S <k€T> <_gT1 g?) * (k6T> <_2ng g?) _waag% o (194)
9q~ | \FB B
Pw_ 1 [ e N2 200 Pqr), ( €\ (6 40p P
or? — gHS |(\kgT ) \T? TOT = OT? kgT T2 TOoT = 9T?
OgifSow  9%giS
“Yorar “er? |0 (195)
1 2 DS
Ow _LN( € V90 (< ) 0n 00 (196)
oV~ gis |\kpT) oV " \ksT) 0V oV
a?w _i i € 8291 + € 2 8292 _ aﬂaggs _ 8295{5 (197)
ov2 —gHS |\ kgT ) 0V2 " \kgT) OVZ “0V 0V ave |’
Pw 1 (e \( 109 Po ) (e \( 200 O
oTOV — ¢S | \ kgT ToV ' aTdV kgT ToV ' aTdV
o HS o HS 62 HS
_Owdgy® Owdgy” | 0794 | (198)
or dv 9V aT oVaT
The gMi€ differentials, for X € {T,V}, then become as follows,
o Mie o 1 agHS Ow
g ‘ _ M e dA 1, (199)
0X; 94 0X; 0X;
PgMe e | 1 [ g 9gy° ow | 9gy® dw N ow dw N O*w
0x,0X; ¢ | g \ox,0xX; T X, 0X; | 0X; 0X, | | 0X,0X; | 0X:0X; |’
(200)
4 Mixtures

When describing mixing in the SAFT-VR-Mie framework, the following mixing rules are

applied for the parameters,

Ar,

Oij = L —;G”a
%—%;%,
93393
€ij = (1 — kij) ) VEii€jj,
i —3=(1—") \/(/\r,ii 3) (Argj —3),

(201)
(202)
(203)

(204)
(205)
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Here k;; and ;; are tunable interaction parameters.

4.1 Mixture hard-sphere term
For mixtures, the term
hs _ 1 [3% ¢ (cé” ) }
. 4 (22— ¢ ) In(1 = &), 206
o olime Tai-62 e Co | In(1 —¢3) (206)

is used for the hard spheres. Here,

T
G = EpSszﬂdéi, 1=0,1,2,3. (207)
)

The mole fraction of segments of component i, x ;, is given as,
Mg ;T4

Tgqs — Ni
Zkzl Mg kT

)

(208)

The overall density is related to the segment density by ps = p 25:1 mg ;. Using this, and
pV = Nan, we get,
wNA
e > mginidl,  1=0,1,2,3, (209)
i

That can be differentiated directly in n;, V and T
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4.1.1 Differentials

The (; differentials applies for [ = 0,

l 1)7TNA Z M 1nzdl 2 <

%G _ G
ov Vv’
G _2G
ovz: v’
0¢  mNams;d
37% N 6V ’
9°¢ 0,
8712‘87%]'
a6 |o, 1=0
T | A S mgmdi 1 9%, 1=1,2,3
2 0,
6 s a 17
871% = L NA Z ms%”zdl ! aqc'*lz s
lWNAZ m ndl 19%dy;
S’L (2 aT?
0%¢ B WNAmSJdéi
8V3nz N 6V2 ’
oG |0, 1=0
OVOT | —1Z0a S mgnidl P9k, 1=1,2,3
ankaT - lWNAms,kdﬁ;ﬂl Bdkk l — 1’ 2’ 3

6V

orT »

1,2, 3 if nothing else is specified,

[=0
=1
) . 1=23

(210)
(211)
(212)

(213)

(214)

(215)

(216)

(217)

(218)

(219)
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The differentials for the mixture hard-sphere term with respect to {; becomes

880225 R hgl(f =) (220)
8325;25 2 24?(1 - 43)7 (221)
hs
88(21 Q —3 Z) Q% (222)
(‘3;2’; =0 (223)
hs 9
83022 _Clo [13—<le C3(13€243) 3522 (1 = €3)] ’ (224)
2 hs
882;2 _2?3 [(1 —1§3) + gl n(1 - 43)] (225)
hs
% G [OBEIZ)Q Z?((:fcj il 2@*22 it 43%1 —Cgs,)] (220)
620/;8 1 [ 6¢1C2 i 2¢3 (13— 4_(3 +6¢3) 6§2 (1 — ¢;) + #
967 G |(1-G) qo-ar T d G-G)
+C§(1_—<0<§§)2] : (227)
2 hs hs
gioo(;fl B cloaaé’ (228)
%Oo%; B clo(?{’ (229)
8862%% - 308523 % (11— &) (230)
88@6:3@ e (13— &) (231)
5520(;2 :Clo [(1 ic23)2 * 3(?((135342)1) 6232 In(1—G3) - <§(?Cj2<3) : (232)

The differentials of the hard-sphere term with respect to X € {T,V,n; ...

form,

dals B dals 9¢

OX; = 0G OX;
82 hs ZZ 82 hs acl 8<k
0X,;0X; 8@8@ 0X; 0X;

Z

o ahs
oG 0X:0X;

9%

,nN} take the

(233)

(234)
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4.2 First order term

The first order term is described as,
N N
a)p = Z Z ms7ims,ja1’ij (235)
i=1 j=1

For mixtures, a mixture property is used instead of is used instead of 7,

_ Tps Z Z g iTs z]? (236)

i=1 j=1

N N
N
= A ZZm&mim&jnjd?j, (237)
6Vns i=1 j=1

where ng = 21\1:1 M 7.

The ay;; is given as for pure fluids, Equation 33, evaluated using mixture parameters.
The only difference is in the treatment of a% and B, where the integrals are evaluated as both
a function of n and (,. Dividing through with n give functions of {, only. For mixtures, &iij?
take the form,

&S a%,ij (Mg, Cas Aij) 19 < 1 > 1 — 7efr (Ca; )‘U) /2 (238)
a1,ij = Nij ! Aij — 3 (1 — ner (Cxﬂ\ij))g’
and Bl-j take the following form,
Bz’j _ B;; (mpr; )\ij) = 12¢;; < CI/Q MJ)\ ) . (239)
Nij (1-¢)° 2(1-¢)°

4.2.1 Differentials

The volume and temperature differentials of Equation 240 is straight forward. The mol
number differentials become, after multiplying twice with ng,

N N
2
ngay = Z Z Mg iMiMs 515 A1 55 (240)
i=1 j=1
8a1 day Jij
2mg knsay + n = Mgk Z Mg jNj01 kj + Mgk Z Ms,iNi A1 ik + Z Z MM 5101, 515 on
=1 j=1 k
(241)
8 8a1 82a1
2mg Mg 1a1 + 2mg g — L 2mg ng— + n2 =
ony ony, 8nk8nl
N
day k; oa ik
J )
M kM 141 kI + s kMM, 101 1k + s k Z M j 105 78 +msk Z Ms,iMi—g =+
ot P !
3 aq )
J
M1 Z ms,Jn] 3 4 Ms, Z ms mz Ly Z Z M ;MM j 1N Do, (242)

Jj=1 i=1 j=1
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N N
8a1 1
87 :ﬁ Mg k Z Mg jN;01 kj + Mgk Z MsiNiQA1 Gk
k S j=1 =1
da a1y
J
+Z E M, iNiMs ;1 oy 2ms knsay (243)
i=1 j=1
N
d%aq 1 0ay ik
Do n2 |k 1ALk T+ M kMg 1A 1k + M ko Z M, j1; L+ M.k Z e, iThi
nKon; N3 8 Ony
j=1 =1
N
day day Pari
+ Mg E M j1j—F— By + mgy Z M, m, + Z Z Mg, i MM jTj Onron
] 1 =1 =1 ] 1
aq daq

—2Ms M 101 — 2Ms kMg —— — 2ms,ms% (244)

oy
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Differentiating Equation 236,

The missing mol number differentials needed to convert

0 G
ov VvV (245)
0 2¢,
ov: V2 (246)
D¢, 6Cs
ov3s — vz (247)
¢y 7TNA 2 adl]
AT~ 2Vn, ;;m“mms’]%d” aT (248)
62Cx _7TNA ii . ides 8dw 7TNA ZZ d2 8 dz]
OT? ~ Vi, <= ~ s, iTtils 1G5\ “ap 2Vnsi « s, i MMM, 15 G 5o
(249)
N N
0(, TNA Mg,k
o :6Vns ( Skgms,]n]dkj +msk;msmz Zk) T Cas (250)
82<:c 7TNA 3 3 ms k 8Cx me, BCx
Dndm ~6Vm, UMskms iy Magmsdye) = =P a = S (251)
9%, 1 0¢
- = 92592
eV Vong’ (252)
0%¢, 7Ny al o Ody; o Odix | Mgk 9
0T  2Vng (ms’k;ms*jnﬂdkﬂ T +ms’“zm5’"ld’k T ne 0T’ (253)
e 2 0C
_2 4
oV20an, V2ony,' (254)
9%, 1 0¢,
__1 2
ovor ~ vV ar’ (255)
& — l 82@’3 (256)
OV OTony, V 0Tony,’
& — _ l 82@5 (257)
OV Onony V Ongon;’
P, 2 0¢,
VT VIar: (258)
oy 1 9%¢,
_ 1 2
a2V~ V or2 (259)

from 1 and x( differentials to
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TV n differentials,

ank :aeenk> (260)
Qnyn; =0Aee€nyCn, + QeCnypngs (261)
AVnpn; —Aeec€V Eny Eny + Qee€Vny, Enyg + Qee€ny, €Viny + Qee€V Enyny + AeCVnng s (262)
ATn, =0ee€TEny, + Ae€Tn,, + QexTTEn,, (263)
AVny, =0ee€V en; + AeCVn,, (264)
avave :aeeee%/enk + Gecvven, + Q(Iee‘c/’VeVn;C + aceyvynp,, (265)
QVTn;, =0eee€V €T En) + Aee€VTEn, T Gee€TCVn; + Qee€V E€Tn,
+ Qe€VTn, + Qeex€VITER, + QezXTEVp,, - (266)
The missing mol number 7 differentials,
an ms i
0Tk 267
ony. K ng (267)
0%n
=0, 268
8nk8nl ( )
8217 :mng % (269)
0Ton, ns 0T’
On___10m (270)
oV ony, V ony’
o __ 2 On (271)
oV20n,, V ovony’
0°n
————— =0, 272
OV ooy (272)
03 1 02
/I . (273)

oVoTon,  V OTony

4.3 Second order term

The second order term is for mixtures described as,

N N
ag = Z Z l‘s,il‘s’ja27ij. (274)
i=1 j=1
For mixtures ¢, take the following form,

) N N N, LN

b S 3 A 3

Cm = 6 Z Z‘rsyixs,jai]’ = 76‘/77/ Z stinim&jn]‘o‘”. (275)
i=1 j=1 5 =1 j=1
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4.3.1 Differentials

Differentials for Ez,

0% _ &
oV Vv
¢ 20,
ov2 V2
PG 6G,
ovs V3’
aéx _ TN
ong  6Vng .
7j=1
62§z _7TNA
Ongpdn; 6V ng
P 190G
ooV~ Von’
Pl 2 0G
oV29n,  V20n;’
P& 1 G
oVongon,  V Ongon,

3 3
(ms kms 107; + Mg kM 107, —

N N
m M M0 +m M N0 —
s,k 5,310k s,k KAL)

i=1

Mg,k 8§z

ng onyg

Mmsk =

— (s
ng

Mg, 8<z
ns Ong’

(276)
(277)

(278)

(279)

(280)
(281)
(282)

(283)

The differentials for as can be calculated from Equation 240, by substituting a1 ;; with ag ;.

4.4 Third order term

For mixtures the third order term take the same form as for pure fluids, with ¢, instead of 7.

4.5 Chain contribution

The chain contribution is slightly different, as it is only a single sum,

Mie

N
. 1 i
achall’l — _E § n; (ms,i — 1) In (g%\{[le (0'”)) .
=1

g, ¢ is evaluated as Equation 133, using (average) molecular properties,

o =0;,
€ii =€,
dy; =d;,
i =\i.

(284)
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4.5.1 Differentials

aachain 1 1 a MIC .
7,7,
92qchain | 1 Bnge 1 ange
ongon; n [ (e )gk e oy (s )gll\l/Ile I
N
1 ag ie 8nge N 829M1e
' o 1 ie Y Jis
+ Z n; (msﬂ (gi\l/he) < 8nk 8?7/[ — Gii 8”]@87’”
B achain o aChaIH
B B 290
ony ony, ] ’ ( )
aachain 1 N 1 89Mie
_ 1 ‘ 1 . i 291
aT nes e = 1) g -
. N ie\ 2
Pan LS ) [ (P g )
8T2 n v 1 S, (g%\i/[ie)Q oT i 8T2 )
Hqchain 1 N 1 8gMie
I oo 1 ag) 203
v n 2 ng (mS/L ) g%\i/he v’ ( )
0 N i 2 bt
O LS g 1)L | (28 e (204
gz e (g)ie)? oV voove |7
i N
Pal 1S g — 1) L [0 06l Bl (295)
aVor n 2 i \(Ms,i (gMie)2 ov aT “oovor
92qchain 1 1 ange
I dT = |:_ (ms,k - 1) Mie /T
N n ik
. .
1 ag ie 8nge i 8291\/[16 aacham
P ot s (g G ) - Yo | e
i 9ii
92qchain 1 1 8nge
oadV n [— (msk = 1) < oV
N n Ikk
N . ) .
1 ange 8gM1e i 829M16 8acha1n
' 9 i w___ gMie s - 297
+an (mg; — 1) (9%16)2 < on, OV Yii on, 0V ov (297)

To get the nge mol number differentials, the mole number differentials of Equation 193
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is required,

1 2 dgis
@ZTS < > ( € > 092 _ 994" | (298)
ony, 9, kT kgT ) Onyg ony,
0%w 1 e \? 02%go ow 89}} ow ag 82g}i{s
= - —w
ong,ony g}fs 8nk8nl kgT ) Onion, On, Ong  Ong Onyg ong,On,
(299)
w1 L1091, Pa N (e N (200 Pe
8T8nk _gg kBT T&)nk 8T8nk kBT T@nk 8T8nk
3 o HS 62 HS
0w gl 0w 04 — (300)
8T 8nk 8nk or 8T8nk
0w 1 € 0%qg1 N e \?2 0%go ow (99 ow 8ggs 829(?8
8V6nk _ggs kBT 8V6nk kBT 8V8nk 8V 87”Lk 8nk oV 8V8nk
(301)
Differentiating ¢;,1 with respect to mol numbers,
891 1 3V2 82a1 mg k
9 — 2
ony  2emrNangd? OV Oon,, — 9L Ng (302)
g1 3V 2 0%ay n Day Mgk 01,1 (303)
OVon, 2enNangd3 \V oVon,  0OV20ny ng OV '
Fgn  3V? Fai  30g110d  mepdgin  3mg 9d (304)
OTOn;  2enNangd® 0VOTOn, d on, 0T  ns 0T ''d ng o1
g1 3V? Day msi 0g11  msy g1 (305)

onon;  2enNansd® OVangdn, ns on ne Ong

5 Temperature dependency in o

If a temperature dependent o is introduced in the SAFT-VR Mie framework, basically three
parts of the model changes. The temperature dependency of xy changes, and, a and (,

becomes temperature dependent.

5.1 Differentiasl with temperature dependency in o

The new differentials for xy becomes,

org 100 x90d

or — doT  d 9T’
821'0 1 820 2 81'0 od o 82d

oT2 ~ doT? doT oT d oT2"

(306)

(307)
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When the dimesionless van der Waals energy, «, become temperature dependent, the function
f () must be differentiated. Using f = m/p, we get,

n=3
m=>Y_¢ina", (308)
n=0
n=3
mea = Z nd)i,nan_la (309)
n=1
n=3
Meao = Z n(n—1) qﬁijna”ﬂ, (310)
n=2
n=>6
P14 Gipa (311)
n=4
n=>6
Pa = (n—3)¢ina"", (312)
n=4
n=6
Paa = Z (n - 3) (n - 4) ¢i,nan757 (313)
n=>5
1
fa = 5 [ma - fpa] s (314)
1
faa = 1; [maa - 2fapa - fpaa] . (315)

The quantum corrected Mie potential take the following form, if corrected to second order,

e ([ (2
2 (0 (2) -0 (")
+f42 (Qm (2)" - Qua (‘;)Aﬂ | (316)

The dimensionelss van der Waals energy is given as,

o0 .
a=——5 u@Mier2qy (317)

(318)
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Introdusing new variables and a constant D,

h="7
Q [ 0 2 Ql,a
w=(Z) 2
Q [ 0 A Ql,r
)
Q (9 i QQ,a
e (O'Q> Ao+ 17
Oor = (2 A Qo
2r = <aQ> A+ 1
o\ 1
n=() i
Mr=<”>Ar .
0Q Ar—3

o becomes,

(319)

(320)
(321)
(322)
(323)
(324)

(325)

(326)
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Differentiating «, using the above,

C D ~ ~
ar = — @ |:MaAa - Mr)\r + ? <(2 + >\a) Ql,a - (2 + >\r) Ql,r)

dog

N (?)2 ((4+2) Qaa = (44 1) Q) aT

D (@ Gu) + 22 (Gon— a1 | (321)

i [Mada (Ao +1) — MpA (A + 1)

arr = 2
Q
_|_

? 2 + )\ (3 + )\a) Ql,a - (2 + )‘r) (3 + >‘1“) Ql,r)

doq)*
oT

2
<1T)> (644 00) (5 2) Qo — (4 A0) (54 A0) Q)

D . i
{Ma/\a Mo\ + = ((2 + ) Q1o — (24 ) Qm)

620Q
oT?

oQ
(lT))Q < (4+ Xa) Qo0 — (4+/\r)Q2,r>

D

) <(2 +Xa) Qra— 2+ ) Q1,r>

+7T

2D?

+ 5 (A4 200) Qaa = (44 20) Qnu)

dog

orT

B (@) O (0. (329

The differentials of ¢, with respect to temperature will take the same form as the (,
differentials.

6 The non-additive hard sphere model

The model by Santos et al. [12] is derived for an arbitarry dimension, d, in the following we
will only consider d = 3. The model is also extended to account for the monomer segments of
each molecule. This gives tha same packing fraction as used by [8] in the original SAFT-VR
Mie modell.

The prefactor, vq, becomes for 3 dimensions,

m\ (3) 1 T
Vd=3 — (Z) m = g (329)
. (gHS)?
43 S> _ st,ixi (d?s>3 _ stgzn(zdz ) ) (330)
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The packing fraction, becomes,
PsT Z Mg i Lg (d?s)g N TNA Z ULTRALT) (d?S)g
6 - 6V ‘
The resudial compressibillity factor is defined as,
7 __n b3<d%s>?2—b2§3 R (n) B — <d%5>§2
SYRT 1 —n (bs — bo) (dfjg)? PUe T (by — be) (diyg)?’
= n Al(Tn)—i—Z AQ(TII)

1— pure

1 = Vd= 3Ps<st>

Here,

Z Z d3 24 Zz Zj msvinimsyjnjdij FQ*
T ik = — = ,
n ™ (3 msini)” (3 msini)”

3 36 Z Z Zk M i MiTMs 15T, k”kB
>3 Z Z T ks 175, By =

T2 (i)’
(> ms,mi)g '

For B; ;i we have,

4
Bijr= 3 (Ck'ijd?j + ciandyy + Ci;jkd?k) ,

3 dk
Chiij = dk aj T 9 di; —d, irik ik,

dk;ij = max (dik + djk - d@'j, 0) .

The residual reduced Helmholtz energy per segment, then becomes,

al ZR
F — _SYH __ N / SYH ZSYH v
SYH = Ny kT (Z Msathi ) v

6.1 Pure fluid hard-spere model

(331)

(332)

(333)

(334)

(335)

(336)

(337)

(338)

(339)

The pure fluid hard-sphere compressibillity is given by the Carnahan-Starling-Kolafa [7] EOS,

1 22 3
ZC3K () = LT = 20 "(Ltn)/
(1—n)°
The residual reduced Helmholtz energy per segment, then becomes,

R
ACSK pur * Zosk — 1 " Zosk — 1

Fosk pure = NakoT k;uTe = ng /V 7§ dV = ng ; 717{7 dn
g 5

10
=5 m+5In(l—n)).
3 (2(1—77)2+1—?7Jr n+ S n))

(340)

(341)
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FCS,ure
8( n )_12—677+?72—2773

, (342)
On 3(1-n)°
62 <FCS7I§S,}‘>ure) _5 (_6 + 277 + 772)
5 = 1 : (343)
I 3(1-mn)
Alternatively the simpler Carnahan-Starling [5] EOS can be used.
L+n+n*—n’
Zare (1) = =7 (344)
a%s,pure_n/OOZCS—ldV_n/"ZCS—ld 3 (345)
NaksT )y —V o T TSy
The excess configurational energy is given from,
« dn—3n° g
a’%S,pure = W = CI’CS,pure -3 (346)
Differentials of the hard-sphere term:
R
aacszpure — 2 ((77 - 2) (347)
0 N )3’
U (1—=n)
R
82acs7pure _ 10 - 47] (348)
o (1-n)’

6.2 Model differentials

Before differentiating, it will help to split the expressions in sub contributions tho the Helmholtz
energy. In the follwing, segments will be ignored, impying mgs = 1. The HS superscript on
the hard sphere diameter will also be dropped.

Grouping of termes,

FSYH = [— ln(l — 77)] [TLAl] + [Fé;lue:| [TLAQ] s

= F11F1g + Fo1 Fos. (349)

= By (350)
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B - (Z””’S);
(bs — bo) (Z’“d?)

B3 — (X nid?) By
(b3 — bg) (Z nzd?’)

F22 = ’I?,AQ (T, Il) =N

(351)

Differentials for Fis:

de “4+b i Bl—bBl—Qb—b i dF
Fios = 3d; Bo 3 (Yo nid}) Ba; — baBs (bs — ba) (3° midy) 2 (352)

(bs — b2) (Z nld:-)’)
bsd; Ba; + bsdBay + bs (Z n;d ) Bay; — by By

Fip;5 =

(b3 — b) (Z nid})” [
—2(bg — ba) d3d; F1a — 2 (bs — b2) (Z n;d ) di Fia;

2 (b — by) (Z nid )d Fio } , (353)
Fiog = 5 [bs (Do mid?), Ba"+ by (D nid?) Boy — 2By

@—@Mzn&
=2(bg — b2) (D mad?) (D mid ) Fia), (354)
Fiorr = = {53 <Z n;d )TT By +2b3 (Z nid?>TF2;

(bs — by) (X ned?)?
b5 (D" nid?) Barr — baByrr — 2 (b — b) (D mad >T>2F12
2 (b~ bo) (D_mid?) (3 nidi>TT Fiy = 4(bs — bo) (Yo ma?) (3 nid?>T Fior|,

(355)

1 5% H* n*
e ) (S ) Beadidir B+ bod! B+ b (Y mid?), B
+ b3 (Z nz ) BQZT b2B3zT -2 <b3 — b2 (Z nzd3> d?FIQ
) b3—b2 (Z?’Ll )ddTF12

~2(by — b2) (D nid}) ¥ Fror = 2(bs = bo) (3 mid?) (32 nid;?’)TFm,i] (356)

Here we have used,

(Z nzdf’) . =3 Z nid%diT, (357)
(Z nid?>TT =6 nidid? +3 nid3dirr. (358)
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Differentials for Fis:

Bs; —d¥By — (X nid?) By — 2 (bs — ba) (3 mid?) d3 Fan

Fyo i =
(bg — bg) (Z n1d§)2

(359)

Fyp i = Byl; — dBy; — dBy) — (Y_mid?) By,

1
(bg — bg) (Z nldf’)2 |:
-2 (bg — bg) d;-)d?FQQ -2 (bg — bz) <Z nzdf> dg)FQQJ‘

—2(bg — b2) (Z nzd?) d?FZZ,z} : (360)

i (e B~ () B = (o) By

—2(bs — by) (Z nid?) (Z nid?>T FQQ} , (361)

Foorr = — (b3 — by) 12” d3)2 [FB;’T - (Z nid?)T By —2 (Z nzd’?)TE;

(an)BQTT 2 (by — bs) ((an3) ) Fa
2 (b — by) (Z nzd?’) <Zn d3>TTF 4 (by — by) (Z nid?> (Z nidg))TFgg,T} ,

Forr =

(362)
Fy i = (bs— bo) EZ 5 [ 3T 3d dir By —d BzT <Zmd§>TF2j
(Zn d: )? 2 (by — by) (Z nidgﬂ)TdfFQQ
—6(bs — by) ( n; d3> A Fas

2 (by — by) (Z n; d3) &3 Fyp.r — 2 (b3 — ba) (Z nid?> (Z nid?>T Fm] (363)
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The packing fraction differentials, becomes,

n
-1 364
W=y (364)
Ul
v =273 (365)
WNAd?
= A (366)
771']' = 0, (367)
B aNad3d;r
mr = YA (368)
Ni
= — 369
nmv ==y (369)
o 7TNA Z ’I’le?le
i = AL (370)
nry = —UVT, (371)
7N (23 nididZp 4+ 32 nidi dirr
nrr = X T2 <77) ; (372)
2V
(373)
Differentials for Fiq:
Fiiy = —— (374)
11, — 1_ n
1
F = 375
11,mm (1 — 7))2 ( )
(376)
The differentials of Fb is given in Equation 342.
The differentials of By becomes,
By =4 > nndy; (377)
(]
Byp =12 > ninjdysdijir (378)
(2
FQ;T =12 Z Z n;n; (Qdi,jdz%j,T + d?,jdi,j,TT) (379)
(2
Bagy, =24y nyd} jdijr (380)
J
Ba, =8 njdy; (381)
J

Boyy = 843, (382)
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The differentials of B;  becomes,

By =) ) zk: ninng B j (383)
Bsr =) ZJ: zk: ningngBi kT (384)
Bsrr =Y ZJ: Zk: ninngBi j k1T (385)
Bap = Z ZJ: njng Bk + Z Z ning B et + Z Z nin;Bijir (386)

Bs, = ZZn]nkBl]k —&—Zanszlk +Zan] (387)
B, = anB,mk +anBmlk+Zn] - —i—Zn]Bl]m—i-an ”m—i—Zm

(388)
(389)

7 Pure fluid hard-spere reference

According to Leonard et al. [9], using a pure fluid reference, the Barker-Henderson diameter
is described as,

dpure = Z Z xixjdij- (390)
J 7

The packing fraction used with the pure fluid hard-sphere EOS then becomes,

3
TNandge ™A (Zj > nz‘”j%‘)
6V 6V nd ’

pure __

(391)

Before differentiating, we introduce,

7 %
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The packing fraction differentials, becomes,

ure
_n°

n‘;;ure _ = (393)
ppure
pure __
e =2 (394)
1 WNACiZCZk
pure __ 4 r
= (W e (395)
pure 1 ﬂ-NACZ <2dldk + ddkl) 4 pure 4 pure 3. pure
M= 57 —bnn, —bnty T —20n°y , (396)
pure 1 TFNAd <2dek + ddkT) 4, pure
nep . = 5 oY —on ny ) (397)
npure
we = (3%8)
5 5
oue | TNad%dr
== - 399
I 2Vns (399)
npure
iy == (oo
WNACi (262%« =+ CiCZTT>
pure
T = 2V’ ' 1o

7.1 Segments for the pure fluid hard-spere reference

In order to account for segments, the x; is interchanged with x; etc.
dpure = Z Z xs,ixs,idij- (402)
i

The packing fraction used with the pure fluid hard-sphere EOS including segments then
becomes,

3
WNAnSd?’ 7TNA (Zg Zz ns,ins,idij)

pure

6V B 6V nd

pure __

" (403)

Before differentiating, we again introduce,

Li = Z Z ns’ms,jdij. (404)

J
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The packing fraction differentials, becomes,

npure _ npure
v 4
pure -9 npure
Vv T 2

L [7Nad (2dldk + ddkl)

pure __ 4 pure
kl _7172 o - 5ms,lns nk
- 5ms,kn§n}3ure - 2O7ns,k7ns,lngnpure )
e 1 7Nad <2chik - ddkT) 4 pure
kT :772 2V DM kTS
77pure _ U;Sum
kV vV
T 2Vn2
pure
My ==
7TNAdA (262% + ciCiTT>
My = :
2Vng

7.2 Compositional dependence in hard-sphere diameter d

I

(405)

(406)

(407)

(408)

(409)

(410)
(411)

(412)

(413)

Need to handle situation where d > o. Since g = 0 for r < d, the integral for o — oo simplifies

to an integral from d — oo.

ure 1 § : 2 :
dp (1’1, T) = ﬁ ns,ins,jdij (T) .
S j i

The differentials then become, when assuming d;; = dj;,

(414)



SINTEF

o 1
dp™ = =3 ) nsinsdijr (415)
S .] 3

1
drr = —5 > nginsjdijrr (416)
S .] 'L

r 2m k

s %

2
pure __ pure pure
dkl =2 (ms,kms,ldlk — mngms,ldpure — mngnsdl — mSJnsdk ) (418)
S
2m, k
ure s, ure
dgﬂk = 7”L2 Z nsyjdiva - nsdl} (419)
S -
K3

8 New term in the perturbation of mixtures

9 New term

In the excellent paper entitled “Perturbation theory and Liquid Mixtures”, Leonard et al.
(a student of Barker and Henderson) derives a perturbation theory for mixtures. Three
references are considered:

e Single-component hard-sphere reference fluid
e Additive mixture of hard-spheres as reference
¢ Non-additive mixture of hard-spheres as reference

In the current treatment of SAFT-VR-Mie, the pair-correlation of the single-component hard-
sphere fluid is used, hence, in a consistent treatment, the Carnahan-Starling EoS for a single-
component fluid of diameter:

d=> w8, (420)
2%
should be used, where:
Uij
dij = /0 [1 — exp (—Pusj(2))] dz. (421)

The best mixture to use as a reference, which is closest to the fluid mixture to be described is
a non-additive mixture where (d;; # 0.5(ds; + d;;). However, this also implies that the pair-
correlation function for a non-additive mixture should be used when computing a1, as, etc,
and this pair-correlation function is in general unknown. The pair-correlation of an additive
mixture of hard-spheres is more well understood even tough exact models for this fluid is also
not known. If the additive mixture of hard-spheres is used as a reference, there is a missing
terms (superscript M) that should be added to the perturbation expansion:

9 -
AMB = oM = =T 3 miny g, [diy — 5] (422)
ij
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we keep in mind that d;; = d;;. The first order derivatives are:

aa 2 odij , 098, Y T
= Z e <2le oT gOJc [dlj 0; ] + dzg oT [dij - 61']] dzg Ojc oT - oT
(423)
oM —aM o 9 8géjc
W = ? — 7 ~ nmjdw oV [dz‘j — 513} (424)
daM 47 g(i)jc
TV nidzy [dix — Oir) g0y any T oy [dij — 0i5] (425)

i

where we have used that a;; = aj; for all variables. We proceed to the second order derivatives:

82 M 27T 8dz i 8 dz 7
s = Z nin; < < J> gojc [d 5 ] + 2d1] 8T2J gOJc [dU 51]] +

8dz‘j 89076 8d” l] 8d,~j &Lj
24557 a1 [dij = 0] + 2 ar Y0 |aT ~ ar
dd;; 995 , 0%g(l, , 09t [9ds; 06y
20t oT oT iy = 0]+ dij g oT? [dij = 0] + di or | oT  oT
2d"8dij ij 8d,-j B (‘361] d2 8900 8dij B 8(51] d2 ij anij B 82(5ij
uar 9o " ar | T YT |~ ar | T Y% | g2 T ar2
(426)
Which can be simplified to:
62 M ad,; i O*dij
— = an] ( ( j> gOJC [dij — 0i5] + 2d;; aT;gO]C [dij — 0i5] +
8dl ag(),c 2 829?0
4dz‘j 8T] oT [dij (5 ]—Fdzj 8T2 [dZJ —51‘3‘}4‘
Odij i; [0di; 05y , 0ggl. [9ds; 06y o i [0%dij 0%y
Adij 5 9o.c [ or ~or| et |ar ~ar |t | o ~ ar
(427)
92aM  —19aM  2or di; 09¢..
=37 am i 7 dz — 044
ovar V. ar Z””J <2d]8T gy (4~ il
(428)

0%gy a9l Tody; 06,
2 0,c 2 0,c iy i
& diy =0l + dij 5 [8T a:r]
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ddg, 9o dgik.
d?k[aTk— a:rk] kL d2 [d M( 0, >>+

oT
o dd;; 99¢.¢ 9 329(i)jc 9 agéj,c 0d;; 064
v ZJ:”"J ( 7l Ry e G R Rl el b T
(429)
2?aM oM 1 8aM 2m 9 900 2m 29(?,;
oV2 V2 VvV oV VQ annjdzj Y dij — ZJ anj el [dij_éij] (430)
92aM 1 0aM  4x¢ ag(i)k 2m azgéj
== — — id2 [dir, — 6 A — mnid; < [di; — 0;5] (431
oV~ V ony, Vzi:” N " o anpoy (G 0l (431)
0?aM Ar dgik.
- &2, [due — o] A2 [dig — Gip] =2
onpon, V. ( i [duk — O, goc—l—Zn ik [dik — Oik] on,
2 1j (432)

2 0
Zmdgl e 0y — 5 22 e

9.1 The pair correlation function at contact

We shall use the Boublik expression for the radial distribution function (at contact), which
includes an additional term in comparison to the paper by Leonard et al

1 3¢ 2G5
e(dii) = + ii + o 433
elo) = TG TGt T TGPt e
where: dod
= 11 ljg 434

which depends only on the temperature, with the following derivatives

or (dii + djj)*

iy 2dii + djj)diirdjjr + ddiirr + d”d]y,TT

(d?idjj,T + d?jdn',:r’) (dii,r + djjr)
o1* (dii + dJJ)

3
(dii + djj)

(436)
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The first order derivatives of the pair-correlation function at contact are:

095, 3G A¢3
o= 5+ 3 Hij
8/111] (1 - C3) (1 - C3)
agéjc 3 4C2 2
06 (TG T =gt
9 Z'jc 1 6 6(2
90, n G2 G 2

o (1-¢G)3? (1- C3)3Mj " (1— C3)4Mij

and the second order derivatives:

8290 [ 4C22
a/%‘j (-G

a2g0 N 3 8C2
8/%]8C2 (1 - C3)2

093, _ 6G 12¢3

Opijo¢s  (1—¢)® (11— C3)4Mj

82900 - 4 9
842 a (1 - <3)

8290 c 2 18¢ 24¢5

92 (1-GP a-art

0%g¢l, 6 L 12

9600 (L G3h

and the following derivatives of the pair-correlation function:

agéjzc _ 8g(Z)J,c aﬂij 896{(: 8C2 896{0

2

(1 — <3)4 Hij

G

OT — duy; OT = 3¢y AT ' O(3

096l 095 0 095 9Cs
vV 9 IV agg oV

898 890 ¢ 02 0c 0C3
on;  0C Ony 8{3 on;
and then the second order derivatives:

GZQSJC a290 c 82,“«2’]’ 8296{6 aﬂij ? 6296{0 auij %
oT? Ouij 0T 2 a,u?j oT Ou;j0Ca 0T OT
095 2 DGy OGOy | °90e (0G\>

0Cy OT? 0C20u;; 0T 0T 8C22 oT
090 2 09 0C3 Oy | 095 O 9Ca
8C3 oT? 8{35‘,uij oT oT 8(38@ oT oT

orT

629(1)]4: Opij Opij

3Mz‘j3C3 oT 0¢3

90 c 0C2 0Gs
90C,0C; OT OT

G

8gg.
a¢3

(

oT

g

(437)

(438)

(439)

(440)

(441)

(442)

(443)

(444)

(445)

(446)

(447)

(448)

(449)
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P95, 095 G P90, 0oy | 0°90. 060G | 9. 9 G
OVOT ~— 0Cy OVOT ' 9C0pi; OV 0T 92 oV OT ' 9C0(3 OV 0T

(450)
e %G O GOy | O 063 06 | D' 060G
9C3 OVOT ' 0C30ui; OV T — 9(39C 0V T ' 9¢2 dV OT
3293& _896{0 0%y n 8296{6 0Ca Opij . 6298% 9¢2 02 829& 92 0C3
8n18T N 6{2 8??,187' 3C26uij Onz oT 8(22 an oT 8C26€3 8n, oT (451)
b G e 9GOy | P9ie 9606 | PG 963 0
8(3 8n18T 8(3@@ Onl oT 8(36C2 émz oT (9(:% 8n1 oT
P95 _095: %G Pgoe (06 | O00e 960G
aV2 9% ov2 T acz \oV 203 OV OV (452)
Og5c %Gy | Pole 060G | 095 (0G5
d¢3 OV?2  9(30C OV OV o¢z \ov
095l 095. %G 090060 | 090 9C2 G
096 0°Cs | 0°gle 0¢s 0G| 0%95c 93 OCs
Poie 00t G | 0 06 06 095 06 0G
8nj8ni 8C2 8’0]87% 8(22 8nj 8n, 3C28C5 an]’ 8nl (454)

Ogile 0°Cs | %90 0G5 0G990 OGs OGs
843 8’0]87% 8C38C2 871]' 8n1 8C§ an]' (‘)nl

9.2 The reduced isothermal compressibillity of the mixture hard-sphere
model

For the Boublik and Mansoori et al. hard-spere mixture model we have,

P _ 11 G 3¢, 3-6) ¢
L = 1T~ G [(1 Sy R R (455)
Here,
™
= Epszxsﬁidéi’ 1=0,1,2,3. (456)

To simplify we introduce, M;,

%)

M =" zd 1=1,2,3. (457)
[
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If we also use that n = (3, we get,
L MM, 3 M3 (3 —n)n®

A : (458)
" (l-m) o Mz (1-m)2 0 MF (1-9)°
1 8PSS
ps OPH o o
KEISX _ 5T _ T _ kT Ps _ Ps (459)
T —— OPHS | 9 (p215) |,

Differentiating psZ™°, at constant temperature and setting K = M M> /M3 and L =
M3 /M3, we get,

0(n2") g, 0(2%)
Ips o on
Ln* —4Ln®* 4+ (9L — 6K +1)n? + (6K — 2)n + 1
= 1 (460)
(1—mn)
We have used,
0(z™)  3Kn?—1)+n(6L+n—2)+1 (461)
n (1—n)* ‘
This gives the reduced isothermal compressibillity for additive hard-sphere mixtures,
4
xS (1 —n) (462)

M I — AL + (9L — 6K +1)n2 4+ (6K —2)n+ 1
Setting L = K = 1, we see that K115 reduces to K5,

mix
9.2.1 Analytical differentials

Differentials are needed down to second order in temperature, mol numbers and volume,
additional differentials are required for the chain model. A new symbol, D, is introduced for
the denominator, and N is introduced by the nominator,

D= Ln* —4Lp® + (9L — 6K + 1) n* + (6K — 2)n + 1, (463)
N=(1-n)*. (464)
Dy = —6n* + 61, (465)
Dgy = —1217 4 6. (466)
Dy =n* —4n® + 9, (467)
Dy, = 4n® — 12n* + 18, (468)
Using 3 = Kglsx,
_ NDg
BK = - D2 ) (469)
_ 2N D?
BrK = D3K, (470)
_ ONDyD;,
KL = T: (471)

_ —N,DDg — NDDg, + 2NDg D,
BKT] - D3 .

(472)
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The By, follow the same pattern.

Dy, =4Ln* — 12Ln* + 2 (9L — 6K + 1) n + 6K — 2, (473)
Dy, = 12Ln* — 24Ln + 18L — 12K + 2, (474)
Ny =—4(1-n)°, (475)
Ny, =12(1—n)>. (476)
_ DN,-ND,
By = (477)
_ D2N,, — NDD,, — 2DN, D, + 2N D>
Brm = D3 ~. (478)
Br =Bk Kt + BrLr + Bynr, (479)
Brr =Brk K7 + BrrLy + Bynt + 2Bk L Lr K1 + 2By Krnr + 2810 Lrnr+
+ Bk K71 + Br.Lrr + Bynrr, (480)
Brv = (BxnKr + BryLr + Bymnr) nv + Bynrv, (481)
Bv =Bnynv, (482)
BVV :Bm]n%/ + vavv, (483)
Bi =Bx K + BrLi + Byni, (484)

Bij = (Bxx Kj + BrrLj + Brnn;) Ki

+ (BxLK;j + BrrLj + Brynj) Li

+ (BKnKj + BLnLj + Bnn”j) i

+ B Kij + BrLij + Bynij, (485)
Bri = (B Ki + BrrLi + Bryni) Kv

+ (Bx K + BroLi + Braymi) L

+ (BryKi + BryLi + Byyni) nr

+ Bk Kri + BrLri + Bynri (486)
Bvi = (BrnKi + BrnLi + Boyni) nv + Bynvi. (487)

We introduce M; = M; >, msin; and differentiate,

My =Y memildy 'dyr  1€1,2,3, (488)
i
_ Mg iy T lel,
Mypr = 2i s L ) (489)
Zi ms,mildii ((l — 1) dii,T + diidii,TT> l e 2,3,
Ml,ni :ms,idi‘i lel, 2,3, (490)
M =0 1€1,2,3, (491)

My, =mgild dyr  1€1,2,3. (492)
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Using M; and ng = > msing, we get K = MM,/ (nsM;;) and L = M3/ (nbl\ng)

neMsK = My Mo,
nsMs K + nsMsKr = My 7 My + My Ma r,
nsMs 1K + 2nsMs 7 K1 + ns MsKpp = My prMs + 2My 7 Mo r + My Ms 1,
msiM3K + nsMs ;K +nsMsK; = My ; My + My Ms;,
msﬂ-M&jK + ms,ng,Kj + ms,jM&iK + nsMgﬂ-Kj + mSJMgKi + nsMgd‘Ki
+nsM3K;; = My i Ma j + My jMa,,
ms.iMs K 4+ nsMs i K + nsMs 1 K; + mg ;M3 K + ngMs ; K + ngMsKp; =
Ml,TiM2 + Ml,TMQ,i + M1,¢M2,T + M1M2,Ti~

:MLTMQ + MM — ngMs 7 K

K -
T nSM3 )

I :Ml,TTMQ + 2My Mo + My Mo 71 — ns M3 17 K — 2ns M3 7 K1
TT nsM3 )
5, MMy + My My — msi Ms K — nsMsi K

T nSM?) )
% My M+ My j Mo — ms i M3 j K — mg ;M3 Kj — mg j M3 ;K
A ng M.
—nsM37in - ms’ngKi - nSM3’jKZ'
+ . :
nsMs3
Ko :Ml,TiM2 + My Ms; + My Mo + My Mo i — ms i M3 K — ngM3 i K
Ti nSM3
—nsM31K; — ms; M3Kr — ns M3 ; Kt
_l’_ —
nsM3
nsMZL = M;

2nSM3M37TL + nsMgLT = 3M22M27T
2ngMj p L + 2ngMsMs rp L + AngM3Ms p Ly + ngM3 Lyp = 6 My Mj o + 3M3 Mo rr
QmS,iM;;M&TL + QnS]\_Jg’ng,TL + 2nS]\7[3M37TiL + —|—2nSM3M37TLi + ms’i]\ngLT
+2ng M3 Mz ; Ly + ng M3 L; = 6 My Ma ; Mo 1 + 3M3 Mo 7
ms; M3L + 2ns My M3 ;L + nsM3L; = 3M3Ms;
2ms i M3 M3 ;L + ms ;M3 L; + 2ms jMsMs ;L + 2nsMs jMs ;L + 2ns M3 Ms ;L
—i—ms,ngLi + 2nSM3M3’jLi + nsMgLij = GMQMQ,jMQ,i + 3M22M2,ij.

(499)
(500)

(501)

(502)

(503)

(504)
(505)
(506)

(507)
(508)

(509)
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_3MFMsp — 2nsMs M3 L

L _ 510
T ns M3 (510)
6M2M22T + 3]\_422]\_42,7“7“ — QHSM??TL — 2nSM3M37TTL — 4nSM3M37TLT
Ly = ’ T 3 (511)
ns M3
6 Mo Ma ;i Mo + 3M3 Mo 1; — 2mgs ;MsMs p L — 2ngMs ;Ms L
Ti — v
ns M3
—QHSMgMg TiL — 2TLSM3M3 TLi — T)’LS’Z'M%LT — 2nsM3]\7[37iLT
- ’ . (512)
ng M3
Li :3M22M2?7J - msﬂ-M??_[; - 27”LSM3M3?7;L (513)
nsMs
GMQMQJ'MQ’Z' + 3M22M27ij — 2ms7,-M3M3,jL - ’I?’LSJ'MBQLJ' - QmSJ‘MgMg’iL
b = 03
s$+3
+ —27’LSM3J‘M3J‘L — 27’LSM3M3,Z‘LJ' — ’ITLSJM32L,L' — 2nSM3M3J~LZ- ‘ (514)

nsM?2
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