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1 Introduction to PC-SAFT

PC-SAFT was introduced by Gross and Sadowski 2001 [1, 2], and is given by adding up various
contributions to the Helmholtz energy

APC-SAFT = Aideal +Ahard-chain +Adisp +Aassoc (1)

Since the initial papers of Gross and Sadowski, there have been numerous versions of PC-SAFT
published in the literature. We have chosen to implement sPC-SAFT, which stands for “simplified
PC-SAFT”. The sPC-SAFT model is described in [3] has the same pure-component parameters as
the original PC-SAFT, has no appreciable loss of accuracy compared to the full PC-SAFT, but
employs simplified mixing rules. The simplified mxing rules translates to faster and simpler code,
especially when one wants to implement second order derivatives as we do. It is in our experience
also more numerically robust. The three quantities that differ between sPC-SAFT and the original
PC-SAFT are ∆AiBj . αhs and gij ; the functional forms for these quantities will be stated for both
of the equations.

1.1 The term Aassoc

The standard association expression common to all SAFT variant is used for Aassoc, namely

Aassoc

RT
=
∑
i

ni

∑
Ai

(
lnXAi −

XAi

2
+

1

2

)
(2)

where XAi is the fraction of molecules not bonded at site Ai, and is given by the nonlinear equation

XAi =
1

1 + (1/V )
∑

j nj
∑

Bj
XBj∆

AiBj
. (3)

Here ∆AiBj is called the bond association strength, and is given by

∆AiBj =Navogijd
3
ijκ

AiBj [exp(ϵAiBj/kT )− 1] (PC-SAFT) (4)

∆AiBj =Navogσ
3
ijκ

AiBj [exp(ϵAiBj/kT )− 1] (sPC-SAFT) (5)

The quantities σij , κAiBj and ϵAiBj in (5) are binary parameters obtained by using mixing rules on
corresponding pure-component parameters σi, κAiBi and ϵAiBi . The radial distribution function
gij is usually more complicated for PC-SAFT variants than for CPA. It is given by

gij =
1

1− ζ3
+

(
didj

di + dj

)
3ζ2

(1− ζ3)2
+

(
didj

di + dj

)2 2ζ22
(1− ζ3)2

(PC-SAFT) (6)

gij =
1− η/2

(1− η)3
(sPC-SAFT) (7)

where
ζn =

π

6
ρ
∑
i

ximid
n
i , n = 0, 1, 2, 3, η = ζ3 (8)

and
di = σi

[
1− 0.12 exp

(
−3

εi
kT

)]
. (9)

Unlike CPA, the radial distribution function in PC-SAFT and sPC-SAFT is temperature depen-
dent, and thus has the potential of capturing more of the temperature dependence of the underlying
physics.



1.2 The term Ahard-chain

The hard-chain part Ahard-chain is given by

Ahard-chain

nRT
= m̄αhs −

∑
i

xi(mi − 1) ln ghsii , (10)

where the radial distribution function is given by eqs. (7) and (9), and m̄ is the mean segment
number in the mixture

m̄ =
∑
i

ximi, (11)

and αhs = Ahs

NskT
is given by

αhs =
1

ζ0

[
3ζ1ζ2
1− ζ3

+
ζ32

ζ3(1− ζ3)2
+

(
ζ32
ζ22

− ζ0

)
ln(1− ζ3)

]
(PC-SAFT) (12)

αhs =
4η − 3η2

(1− η)2
(sPC-SAFT) (13)

1.3 The term Adisp

For the dispersion part Adisp of the Helmholtz energy, we have

Adisp

nRT
= −2πρI1(η, m̄)m2ϵσ3 − πρm̄C1I2(η, m̄)m2ϵ2σ3, (14)

where η = ζ3 (see equation (8)) and C1 is the so-called compressibility expression, defined as

C1 =

(
1 + Zhard-chain + ρ

(
∂Zhard-chain

∂ρ

))−1

. (15)

We have furthermore used the abbreviations

m2ϵσ3 :=
∑
ij

xixjmimj
ϵij
kT

σ3
ij (16)

m2ϵ2σ3 :=
∑
ij

xixjmimj

( ϵij
kT

)2
σ3
ij . (17)

The parameters for a pair of unlike segments are determined by conventional one-fluid mixing rules:

σij =
1

2
(σi + σj), ϵij =

√
ϵiϵj(1− kij), (18)

where the binary interaction parameters are regressed against experimental data. We note in
passing that tue to the functional form of PC-SAFT, one can implement asymmetric interaction
parameters. The quantities I1 and I2 are integrals approximated by truncated power series in
reduced density η:

I1(η, m̄) =
6∑

i=0

ai(m̄)ηi, I2(η, m̄) =
6∑

i=0

bi(m̄)ηi (19)

where the coefficients ai and bi are universal model constants given by

ai(m̄) = a0i +
m̄− 1

m̄
a1i +

m̄− 1

m̄

m̄− 2

m̄
a2i (20)

bi(m̄) = b0i +
m̄− 1

m̄
b1i +

m̄− 1

m̄

m̄− 2

m̄
b2i (21)

Finally, we mention that while the association contribution is essentially the same as in CPA, the
dispersion contribution Adisp and the hard-chain contribution Ahard-chain are nothing like the semi-
empirical Acb term in CPA. They are theoretically founded contributions to the Helmholtz energy,
modeling a molecule i as a chain composed of mi identical segments.



2 Derivatives of αhard-chain(ρ, T,n) and αdisp(ρ, T,n)

This section documents the derivatives of the Helmholtz contribution coming from Ahard-chain and
Adispersion. Take note of the variable set we are using for α, namely (ρ, T,n), where n are mole num-
bers, not mole fractions. Having established that these are the variables used, we drop subscripts
on the derivatives.

We will present the derivatives in a modular, top-down approach. Any quantity is differentiated
in terms of the derivatives of the functions which make up the expression, without performing the
derivatives on these helper-functions. The formulas for the derivatives are complex, but the coded
derivatives have been tested validated through numerical differentiation. (But even if the coded
derivatives are correct, there may still be errors in the expression of this document.)

2.1 Derivatives of αdisp

αdisp = −2πρI1(η, m̄)m2ϵσ3 − πρm̄C1I2(η, m̄)m2ϵ2σ3 (22)

(
∂αdisp

∂ρ

)
=− 2π

(
I1 + ρ

(
∂I1
∂ρ

))
m2ϵσ3−

πm̄

(
C1I2 + ρ

(
∂C1

∂ρ

)
I2 + ρC1

(
∂I2
∂ρ

))
m2ϵ2σ3

(23)

(
∂αdisp

∂T

)
= −2πρ

[(
∂I1
∂T

)
− I1

T

]
m2ϵσ3 − πρm̄

[(
∂C1

∂T

)
I2 + C1

(
∂I2
∂T

)
− 2C1

I2
T

]
m2ϵ2σ3 (24)

(
∂αdisp

∂nk

)
=− 2πρ

[
I1,nk

m2ϵσ3 + I1(m2ϵσ3)nk

]
− πρ

[(
∂m̄

∂nk

)
C1I2 + m̄C1,nk

I2 + m̄C1I2,nk

]
m2ϵ2σ3 − πρm̄C1I2(m2ϵ2σ3)nk

(25)

(
∂2αdisp

∂ρ2

)
=− 2π

(
2

(
∂I1
∂ρ

)
+ ρ

(
∂2I1
∂ρ2

))
m2ϵσ3−[

2

(
∂C1

∂ρ

)
I2 + 2C1

(
∂I2
∂ρ

)
+ 2ρ

(
∂C1

∂ρ

)(
∂I2
∂ρ

)
+ ρ

(
∂2C1

∂ρ2

)
I2 + ρC1

(
∂2I2
∂ρ2

)]
· πm̄ ·m2ϵ2σ3

(26)(
∂2αdisp

∂T∂ρ

)
=− 2π

[
1

T

(
I1 + ρ

(
∂I1
∂ρ

))
+

(
∂I1
∂T

)
+ ρ

(
∂2I1
∂T∂ρ

)]
m2ϵσ3+

2πm̄

(
C1I2 + ρ

(
∂C1

∂ρ

)
I2 + ρC1

(
∂I2
∂ρ

))
m2ϵ2σ3

T
−

πm̄

[(
∂C1

∂T

)
I2 + C1

(
∂I2
∂T

)
+ ρ

(
∂2C1

∂T∂ρ

)
I2+

ρ

(
∂C1

∂ρ

)(
∂I2
∂T

)
+ ρ

(
∂C1

∂T

)(
∂I2
∂ρ

)
+ ρC1

(
∂2I2
∂T∂ρ

)]
m2ϵ2σ3

(27)



(
∂2αdisp

∂ρ∂nk

)
=− 2π

[
I1,nk

m2ϵσ3 + I1(m2ϵσ3)nk

]
− 2πρ

[
I1,nkρm

2ϵσ3 + I1,ρ(m2ϵσ3)nk

]
− π

[(
∂m̄

∂nk

)
C1I2 + m̄C1,nk

I2 + m̄C1I2,nk

]
m2ϵ2σ3 − πm̄C1I2(m2ϵ2σ3)nk

− πρ

[(
∂m̄

∂nk

)
C1,ρI2 + m̄C1,nkρI2 + m̄C1,ρI2,nk

+(
∂m̄

∂nk

)
C1I2,ρ + m̄C1,nk

I2,ρ + m̄C1I2,nkρ

]
m2ϵ2σ3−

πρm̄

((
∂C1

∂ρ

)
I2 + C1

(
∂I2
∂ρ

))
(m2ϵ2σ3)nk

(28)

(
∂2αdisp

∂T 2

)
=− 2πρ

[(
∂2I1
∂T 2

)
+ 2

I1
T 2

− 2
1

T

(
∂I1
∂T

)]
m2ϵσ3−

πρm̄

[
− 4

T

((
∂C1

∂T

)
I2 + C1

(
∂I2
∂T

))
+

8C1I2
T 2

+(
∂C1

∂T

)
I2 + 2

(
∂C1

∂T

)(
∂I2
∂T

)
+ C1

(
∂2I2
∂T 2

)]
m2ϵ2σ3

(29)

(
∂2αdisp

∂nk∂T

)
=− 2πρ

[(
∂2I1

∂nk∂T

)
− 1

T

(
∂I1
∂nk

)]
m2ϵσ3 − 2πρ

[(
∂I1
∂T

)
− I1

T

]
(m2ϵσ3)nk

−

πρ

((
∂m̄

∂nk

)
·m2ϵ2σ3 + m̄(m2ϵ2σ3)nk

)[(
∂C1

∂T

)
I2 + C1

(
∂I2
∂T

)
− 2C1

I2
T

]
−

πρm̄

[(
∂2C1

∂nk∂T

)
I2 +

(
∂C1

∂nk

)(
∂I2
∂T

)
− 2

(
∂C1

∂nk

)
I2
T
+(

∂C1

∂T

)(
∂I2
∂nk

)
+ C1

(
∂2I2

∂nk∂T

)
− 2

T
C1

(
∂I2
∂nk

)]
m2ϵ2σ3

(30)

(
∂2αdisp

∂nl∂nk

)
=− 2πρ

[
I1,nknl

m2ϵσ3 + I1,nl
(m2ϵσ3)nk

+ I1,nk
(m2ϵσ3)nl

+ I1(m2ϵσ3)nknl

]
−

πρ

[(
∂m̄

∂nk

)
C1I2 + m̄C1,nk

I2 + m̄C1I2,nk

]
(m2ϵ2σ3)nl

−

πρ

[(
∂m̄

∂nk

)
(C1,nl

I2 + C1I2,nl
) + (

(
∂m̄

∂nl

)
C1,nk

I2 + m̄C1,nknl
I2 + m̄C1,nk

I2,nl
)+

(

(
∂m̄

∂nl

)
C1I2,nk

+ m̄C1,nl
I2,nk

+ m̄C1I2,nknl
)

]
m2ϵ2σ3−

πρm̄C1I2(m2ϵ2σ3)nknl
−

πρ(

(
∂m̄

∂nl

)
C1I2 + m̄C1,nl

I2 + m̄C1I2,nl
)(m2ϵ2σ3)nk

(31)

2.2 Derivatives of αhc

αhc = m̄αhs −
∑
i

xi(mi − 1) ln ghsii = m̄αhs −G, (32)

where we have defined the helper function G.



(
∂αhc

∂ρ

)
= m̄

(
∂αhs

∂ρ

)
−
(
∂G

∂ρ

)
(33)

(
∂αhc

∂T

)
= m̄

(
∂αhs

∂T

)
−
(
∂G

∂T

)
(34)

(
∂αhc

∂nk

)
=

(
∂m̄

∂nk

)
αhs −

(
∂G

∂nk

)
(35)

(
∂2αhc

∂ρ2

)
= m̄

(
∂2αhs

∂ρ2

)
−
(
∂2G

∂ρ2

)
(36)

(
∂2αhc

∂ρ∂T

)
= m̄

(
∂2αhs

∂ρ∂T

)
−
(

∂2G

∂ρ∂T

)
(37)

(
∂2αhc

∂ρ∂nk

)
=

(
∂m̄

∂nk

)(
∂αhs

∂ρ

)
+ m̄

(
∂2αhs

∂ρ∂nk

)
−
(

∂2G

∂ρ∂nk

)
(38)

(
∂2αhc

∂T 2

)
= m̄

(
∂2αhs

∂T 2

)
−
(
∂2G

∂T 2

)
(39)

(
∂2αhc

∂T∂nk

)
=

(
∂m̄

∂nk

)(
∂αhs

∂T

)
+ m̄

(
∂2αhs

∂T∂nk

)
−
(

∂2G

∂T∂nk

)
(40)

(
∂2αhc

∂nl∂nk

)
=

(
∂m̄

∂nk

)(
∂αhs

∂nl

)
+

(
∂m̄

∂nl

)(
∂αhs

∂nk

)
+ m̄

(
∂2αhs

∂nl∂nk

)
−
(

∂2G

∂nl∂nk

)
(41)

Derivatives of the helper function G

G =
∑
i

xi(mi − 1) ln ghsii (42)

(
∂G

∂ρ

)
=
∑
i

xi(mi − 1)
1

ghsii

(
∂ghsii
∂ρ

)
(43)

(
∂G

∂T

)
=
∑
i

xi(mi − 1)
1

ghsii

(
∂ghsii
∂T

)
(44)

(
∂G

∂nk

)
=

mk − 1

n
ln ghskk +

∑
i

xi(mi − 1)
1

ghsii

(
∂gii
∂nk

)
− G

n
(45)

(
∂2G

∂ρ2

)
=
∑
i

xi(mi − 1)

[
− 1(

ghsii
)2 (∂ghsii

∂ρ

)2

+
1

ghsii

(
∂2ghsii
∂ρ2

)]
(46)

(
∂2G

∂T 2

)
=
∑
i

xi(mi − 1)

[
− 1(

ghsii
)2 (∂ghsii

∂T

)2

+
1

ghsii

(
∂2ghsii
∂T 2

)]
(47)

(
∂2G

∂ρ∂T

)
=
∑
i

xi(mi − 1)

[
− 1(

ghsii
)2 (∂ghsii

∂ρ

)(
∂ghsii
∂T

)
+

1

ghsii

(
∂2ghsii
∂ρ∂T

)]
(48)



(
∂2G

∂ρ∂nk

)
=
mk − 1

nghskk

(
∂ghskk
∂ρ

)
+ (49)

∑
i

xi(mi − 1)

[
− 1(

ghsii
)2 (∂ghsii

∂ρ

)(
∂ghsii
∂nk

)
+

1

ghsii

(
∂2ghsii
∂ρ∂nk

)]
− 1

n

(
∂G

∂ρ

)
(50)

(
∂2G

∂T∂nk

)
=
mk − 1

nghskk

(
∂ghskk
∂T

)
+

∑
i

xi(mi − 1)

[
− 1(

ghsii
)2 (∂ghsii

∂T

)(
∂ghsii
∂nk

)
+

1

ghsii

(
∂2ghsii
∂T∂nk

)]
− 1

n

(
∂G

∂T

) (51)

(
∂2G

∂nl∂nk

)
=
mk − 1

nghskk

(
∂ghskk
∂nl

)
+

ml − 1

nghsll

(
∂gll
∂nk

)
+
∑
i

xi(mi − 1)

[
− 1(

ghsii
)2 (∂ghsii

∂nl

)(
∂ghsii
∂nk

)
+

1

ghsii

(
∂2ghsii
∂nl∂nk

)]

− 1

n

(
∂G

∂nk

)
− 1

n

(
∂G

∂nl

) (52)

2.3 Derivatives of αhs

αhs =
4η − 3η2

(1− η)2
(53)

(
∂αhs

∂η

)
=

2(η − 2)

(1− η)2
(54)

(
∂2αhs

∂η2

)
=

2(5− 2η)

(1− η)4
(55)

2.4 Derivatives of gij

gij =
1− η/2

(1− η)3
(56)

(
∂gij
∂η

)
=

5− 2η

(2(1− η))4
(57)

(
∂2gij
∂η2

)
=

3(η − 3)

(η − 1)5
(58)



2.5 Derivatives of m2ϵσ3

Define the constant Dij = mimj
ϵij
k σ3

ij . Note that Dij ̸= Dji if kij ̸= kji.

m2ϵσ3 =
∑
i,j

xixjDij/T (59)

(m2ϵσ3)T = −m2ϵσ3

T
(60)

(m2ϵσ3)nk
=

−2(m2ϵσ3)

n
+
∑
i

ni

n2

Dik +Dki

T
(61)

(m2ϵσ3)TT = 2
m2ϵσ3

T 2
(62)

(m2ϵσ3)T,nk
= (m2ϵσ3)nk

/T (63)

(m2ϵσ3)nk,nl
=

2(m2ϵσ3)

n2
− 2(m2ϵσ3)nl

n
−
∑
i

2ni

n3

Dik +Dki

T
+

1

n2

Dlk +Dkl

T
(64)

2.6 Derivatives of m2ϵ2σ3

Define the constant Eij = mimj

( ϵij
k

)2
σ3
ij . Note that Eij ̸= Eji if kij ̸= kji.

m2ϵ2σ3 =
∑
i,j

xixjEij/T
2 (65)

(m2ϵ2σ3)T = −2
m2ϵ2σ3

T
(66)

(m2ϵσ3)nk
=

−2(m2ϵ2σ3)

n
+
∑
i

ni

n2

Eik + Eki

T 2
(67)

(m2ϵσ3)TT = 6
m2ϵσ3

T 3
(68)

(m2ϵσ3)T,nk
= (m2ϵσ3)nk

/T (69)

(m2ϵσ3)nk,nl
=

2(m2ϵσ3)

n2
− 2(m2ϵσ3)nl

n
−
∑
i

2ni

n3

Dik +Dki

T 2
+

1

n2

Dlk +Dkl

T 2
(70)



2.7 Derivatives of I1 and I2

I1(η, m̄) =
6∑

i=0

ai(m̄)ηi, I2(η, m̄) =
6∑

i=0

bi(m̄)ηi (71)

I1,ρ = I1,ρηρ (72)
I2,ρ = I2,ρηρ (73)

I1,T = I1,ηηT (74)
I2,T = I2,ηηT (75)

I1,nk
=

6∑
i=0

ai,nk
ηi + I1,ηηnk

(76)

I2,nk
=

6∑
i=0

bi,nk
ηi + I2,ηηnk

(77)

I1,ρρ = I1,ρρη
2
ρ + I1,ρηρρ (78)

I2,ρρ = I2,ρρη
2
ρ + I2,ρηρρ (79)

I1,ρT = I1,ρηηρηT + I1,ηηρT (80)
I2,ρT = I2,ρηηρηT + I2,ηηρT (81)

I1,ρnk
=

6∑
i=0

ai,nk
iηi−1ηρ + I1,ηηηnk

ηρ + I1,ηηρnk
(82)

I2,ρnk
=

6∑
i=0

bi,nk
iηi−1ηρ + I2,ηηηnk

ηρ + I2,ηηρnk
(83)

I1,TT = I1,TT η
2
T + I1,T ηTT (84)

I2,TT = I2,TT η
2
T + I2,T ηTT (85)

I1,Tnk
=

6∑
i=0

ai,nk
iηi−1ηT + I1,ηηηnk

ηT + I1,ηηTnk
(86)

I2,Tnk
=

6∑
i=0

bi,nk
iηi−1ηT + I2,ηηηnk

ηT + I2,ηηTnk
(87)

I1,nlnk
=

6∑
i=0

(ai,nlnk
ηi + iηi−1[ai,nk

ηnl
+ ai,nl

ηnk
]) + I1,ηηηnk

ηnl
(88)

I2,nlnk
=

6∑
i=0

(bi,nlnk
ηi + iηi−1[bi,nk

ηnl
+ bi,nl

ηnk
]) + I2,ηηηnk

ηnl
(89)



Auxiliary derivatives

I1,η =
6∑

i=1

iaiη
i−1, I2,η =

6∑
i=1

ibiη
i−1 (90)

I1,ηη =
6∑

i=2

i(i− 1)aiη
i−2, I2,ηη =

6∑
i=2

i(i− 1)biη
i−2 (91)

2.8 Derivatives of ai and bi

ai(m̄) = a0i +
m̄− 1

m̄
a1i +

m̄− 1

m̄

m̄− 2

m̄
a2i (92)

bi(m̄) = b0i +
m̄− 1

m̄
b1i +

m̄− 1

m̄

m̄− 2

m̄
b2i (93)

ai,nk
=

m̄nk

m̄2
a1i +

m̄nk

m̄2

(
3− 4

m̄

)
a2i (94)

bi,nk
=

m̄nk

m̄2
b1i +

m̄nk

m̄2

(
3− 4

m̄

)
b2i (95)

ai,nknl
=

m̄nk
m̄nl

m̄3

(
−2a1i − 6a2i +

12

m̄
a2i

)
(96)

bi,nknl
=

m̄nk
m̄nl

m̄3

(
−2b1i − 6b2i +

12

m̄
b2i

)
(97)

All other derivatives are zero.

2.9 Derivatives of C1

C1 =

(
1 + m̄

8η − 2η2

(1− η)4
+ (1− m̄)

20η − 27η2 + 12η3 − 2η4

(1− η)2(2− η)2

)−1

(98)

(
∂C1

∂ρ

)
=

(
∂C1

∂η

)
ηρ (99)

(
∂C1

∂T

)
=

(
∂C1

∂η

)
ηT (100)

(
∂2C1

∂ρ2

)
=

(
∂2C1

∂η2

)
η2ρ +

(
∂C1

∂η

)
ηρρ (101)

(
∂2C1

∂ρ∂T

)
=

(
∂2C1

∂η2

)
ηρηT +

(
∂C1

∂η

)
ηρT (102)

(
∂2C1

∂T 2

)
=

(
∂2C1

∂η2

)
η2T +

(
∂C1

∂η

)
ηTT (103)



Auxiliary derivatives

(
∂C1

∂η

)
=− C2

1

(
m̄
−4η2 + 20η + 8

(1− η)5
+ (1− m̄)

2η3 + 12η2 − 48η + 40

(1− η)3(2− η)3

)
(104)

(
∂2C1

∂η2

)
=

2

C1

(
∂C1

∂η

)2

− C2
1m̄

(−8η + 20)(1− η) + (−4η2 + 20η + 8)5

(1− η)6

− C2
1 (1− m̄)

(6η2 + 24η − 48)(1− η)(2− η) + (2η3 + 12η2 − 48η + 40)[3(2− η) + 3(1− η)]

(1− η)4(2− η)4

(105)

2.10 Derivatives of ζn

ζn =
π

6
ρ
∑
i

ximid
n
i (106)

ζn,ρ =
π

6

∑
i

ximid
n
i (107)

ζn,T =

{
0 n = 0
π
6ρn

∑
i ximid

n−1
i di,T n = 1, 2, 3

(108)

ζn,nk
=

1

n

π

6
ρmkd

n
k − ζn

n
(109)

ζn,ρρ = 0 (110)

ζn,ρT = ζn,T /ρ (111)

ζn,ρnk
= ζn,nk

/ρ (112)

ζn,TT =


0 n = 0
π
6ρn

∑
i ximidi,TT n = 1

π
6ρn

∑
i ximi

[
(n− 1)dn−2

i d2i,T + dn−1
i di,TT

]
n = 2, 3

(113)

ζn,Tnk
=

{
0 n = 0
π
6ρn

(
1
n − xk

n

)
mkd

n−1
k dk,T n = 1, 2, 3

(114)

ζn,nknl
= −ζn,nk

+ ζn,nl

n
+

ζn
n2

(115)



2.11 Derivatives of di

di = σi

[
1− 0.12 exp

(
−3

εi
kT

)]
. (116)(

∂di
∂T

)
= −0.36εi

kT 2
σi exp

(
−3

εi
kT

)
(117)

(
∂2di
∂T 2

)
= σi exp

(
−3

εi
kT

)(0.72εi
kT 3

− 1.08ε2i
k2T 4

)
(118)

The other derivatives of di are zero.

3 Derivatives of Aassoc

In the following we will document the derivatives of F assoc(T, V,n) = Aassoc(T, V,n)/RT up to
second order.

3.1 The Q function and its relation to F assoc

Define the function

Q(n, T, V,X) =
∑
i

∑
Ai

ni (lnXAi −XAi + 1)− 1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj∆
AiBj . (119)

Here ∆AiBj = ∆AiBj (T, V,n) is the bond association strength. If X solves the equations(
∂Q

∂X

)
(T, V,n, X) = 0, i.e.

1

XAi

− 1− 1

V

∑
j

∑
Bj

njXBj∆
AiBj = 0 ∀ XAi . (120)

then the resulting solution X = X(T, V,n) is such that1

F assoc(T, V,n) = Q(T, V,n,X(T, V,n)). (121)

We now clarify the notation used below in the expressions for the derivatives. Given a differential
operator ∂, we will in the following use ∂Qsp to mean (∂Q)(T, V,n,X(T, V,n)). For example,(
∂Qsp

∂V

)
=
(
∂Q
∂V

)
(T, V,n,X(T, V,n)). Moreover, to avoid subscripting every partial derivative to

show which variables are fixed, we agree once and for all that F assoc has (T, V,n) as independent
variables, while Q has (T, V,n,X) as independent variables. The equality (121) can also be stated
as F assoc = Q|X=X(T,V,n).

3.2 First-order derivatives of F assoc

We find that (
∂F assoc

∂V

)
=

(
∂Qsp

∂V

)
+
∑
i

∑
Ai

(
∂Qsp

∂XAi

)(
∂XAi

∂V

)
=

(
∂Qsp

∂V

)
,

since
(

∂Qsp

∂XAi

)
= 0. Similarly, we have(

∂F assoc

∂T

)
=

(
∂Qsp

∂T

)
and

(
∂F assoc

∂nk

)
=

(
∂Qsp

∂nk

)
.

1Where F assoc(T, V,n) = AR(T, V,n)/RT and AR is the association contribution to the residual Helmholtz energy.



3.2.1 Volume derivative(
∂F assoc

∂V

)
=

(
∂Qsp

∂V

)
(122)

=
1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

[
∆AiBj

V
−
(
∂∆AiBj

∂V

)]
.

3.2.2 Temperature derivative

(
∂F assoc

∂T

)
=

(
∂Qsp

∂T

)
(123)

= − 1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

(
∂∆AiBj

∂T

)
.

3.2.3 Composition derivative

(
∂F assoc

∂nk

)
=

(
∂Qsp

∂nk

)
=
∑
Ak

(lnXAk
−XAk

+ 1)− 1

V

∑
j

∑
Ak,Bj

njXAk
XBj∆

AkBj (124)

− 1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

(
∂∆AiBj

∂nk

)
(125)

=
∑
Ak

lnXAk
− 1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

(
∂∆AiBj

∂nk

)
. (126)

3.3 Second-order derivatives of F assoc

Let the variables ζ1, ζ2 each equal one of the scalar variables in (T, V,n). Recalling that(
∂F assoc

∂ζ1

)
(T, V,n) =

(
∂Q

∂ζ1

)
(T, V,n,X(T, V,n)),

we get (
∂2F assoc

∂ζ2∂ζ1

)
=

∂

∂ζ2

(
∂F assoc

∂ζ1

)
(127)

=

(
∂2Qsp

∂ζ2∂ζ1

)
+

(
∂2Qsp

∂ζ1∂X

)(
∂X

∂ζ2

)
. (128)

We once again stress the meaning of our notation: in the first term of (128), X is to be treated
as a constant when the cross-derivative is taken. Now, the expression (128) involves the derivative
∂X/∂ζ2. To find this derivative, we differentiate the defining relation for X(T, V,n), namely(

∂Q
∂X

)
= 0. Doing this (and taking care to transpose vectors correctly), we get

0 =
∂

∂ζ2

(
∂Qsp

∂X

)
=

(
∂2Qsp

∂X∂ζ2

)
+

(
∂X

∂ζ2

)t(∂2Qsp

∂X2

)
, (129)



yielding (
∂X

∂ζ2

)
= −

(
∂2Qsp

∂X2

)−1(
∂2Qsp

∂X∂ζ2

)t

. (130)

In conclusion, the formula for the second derivative is obtained by combining (128) and (130):(
∂2F assoc

∂ζ2∂ζ1

)
=

(
∂2Qsp

∂ζ2∂ζ1

)
−
(
∂2Qsp

∂ζ1∂X

)(
∂2Qsp

∂X2

)−1(
∂2Qsp

∂X∂ζ2

)t

. (131)

Or, if one prefers summation notation:(
∂2F assoc

∂ζ2∂ζ1

)
=

(
∂2Qsp

∂ζ2∂ζ1

)
−
∑
i,j

∑
Ai,Bj

(
∂2Qsp

∂ζ1∂XAi

)((
∂2Qsp

∂X2

)−1
)

ij

(
∂2Qsp

∂XBj∂ζ2

)
. (132)

3.3.1 Formulas for
(

∂2Qsp

∂ζ2∂ζ1

)
(
∂2Qsp

∂T 2

)
= − 1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

(
∂2∆AiBj

∂T 2

)
.

(
∂2Qsp

∂T∂V

)
=

1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

[
1

V

(
∂∆AiBj

∂T

)
−
(
∂2∆AiBj

∂T∂V

)]
(

∂2Qsp

∂T∂nk

)
=− 1

V

∑
j

∑
Ak,Bj

njXAk
XBj

(
∂∆AkBj

∂T

)

− 1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

(
∂2∆AiBj

∂T∂nk

)
(
∂2Qsp

∂V 2

)
=

1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

[
−2∆AiBj

V 2
+

2

V

(
∂∆AiBj

∂V

)
−
(
∂2∆AiBj

∂V 2

)]
(

∂2Qsp

∂V ∂nk

)
=
∑
j

∑
Ak,Bj

njXAk
XBj

[
∆AkBj

V 2
− 1

V

(
∂∆AkBj

∂V

)]

+
1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

[
1

V

(
∂∆AiBj

∂nk

)
−
(
∂2∆AiBj

∂V ∂nk

)]
.

(
∂2Qsp

∂nl∂nk

)
=− 1

V

∑
Ak,Bl

XAk
XBl

∆AkBl − 1

V

∑
j

∑
Al,Bj

njXAl
XBj

(
∂∆AlBj

∂nk

)

− 1

V

∑
j

∑
Ak,Bj

njXAk
XBj

(
∂∆AkBj

∂nl

)
− 1

2V

∑
i,j

∑
Ai,Bj

ninjXAiXBj

(
∂2∆AiBj

∂nl∂nk

)
These derivatives are all found by performing one more differentiation on the first-order derivatives
we found in section 3.2. However, when taking an additional derivative of

(
∂Qsp

∂nk

)
, we have to

take care to differentiate the expressions on (124) and (125), and not the simplified expression
(126). This is because the supscript sp means that X(T, V,n) should be substituted in after all
the derivatives have been performed.



3.3.2 Formulas for
(

∂2Qsp

∂XAi
∂ζ1

)
We have (

∂Q

∂XAi

)
=

ni

XAi

− ni −
ni

V

∑
j

∑
Bj

njXBj∆
AiBj , (133)

and thus (
∂2Qsp

∂T∂XAi

)
= −ni

V

∑
j

∑
Bj

njXBj

(
∂∆AiBj

∂T

)

(
∂2Qsp

∂V ∂XAi

)
= ni

∑
j

∑
Bj

njXBj

[
1

V 2
∆AiBj − 1

V

(
∂∆AiBj

∂V

)]

(
∂2Qsp

∂nl∂XAi

)
= −ni

V

∑
Bl

XBl
∆AiBl − 1

V

∑
j

∑
Bj

njXBjni

(
∂∆AiBj

∂nl

)
.

3.3.3 Solving for
(
∂X
∂V

)
and

(
∂2Qsp

∂V 2

)
simultaneously

The derivatives
(
∂X
∂V

)
and

(
∂2Qsp

∂V 2

)
are needed in the Newton iteration when solving for volume

given pressure, temperature and composition. When both of these are needed, one wants to first
solve for

(
∂X
∂V

)
from (130), and then use (128) to find

(
∂2Qsp

∂V 2

)
, and therefore a dedicated routine

for this has been implemented. To obtain
(
∂X
∂V

)
, we solve the linear system(

∂2Qsp

∂X2

)(
∂X

∂V

)
= −

(
∂2Qsp

∂V ∂X

)t

. (134)

where2 (
∂2Q

∂XAi∂XBj

)
= − ni

X2
Ai

δAiBj −
ninj

V
∆AiBj . (135)

Having found this derivative, we find
(
∂P
∂V

)
from (128):(

∂2F assoc

∂V 2

)
=

(
∂2Qsp

∂V 2

)
+

(
∂2Qsp

∂X∂V

)(
∂X

∂V

)
. (136)

3.4 Derivatives for ∆AiBj(T, V,n)

We now address the association part of PC-SAFT. In this section, we will use the notation βAiBj

instead of κAiBj .

∆AiBj (T, V,n) = g(T, V,n) · [exp(ϵAiBj/RT )− 1](σij)
3βAiBj (137)

= g(T, V,n)h(T ) (138)

2Note that only the diagonal of
(

∂2Q
∂XAi

∂XBj

)
is dependent on X.



where ϵAiBj , σij and βAiBj are constants. The first derivatives are thus given by(
∂∆AiBj

∂T

)
= g(T, V,n)h′(T ) +

(
∂ ln g(T, V,n)

∂T

)
∆AiBj (139)(

∂∆AiBj

∂V

)
=

(
∂ ln g(V,n)

∂V

)
∆AiBj (140)(

∂∆AiBj

∂nk

)
=

(
∂ ln g(V,n)

∂nk

)
∆AiBj (141)

while the second derivatives are given by(
∂2∆AiBj

∂T 2

)
= g(T, V,n)h′′(T ) + 2

(
∂g(T, V,n)

∂T

)
h′(T ) +

(
∂2g(T, V,n)

∂T 2

)
h(T ) (142)(

∂2∆AiBj

∂V ∂T

)
=

(
∂g(T, V,n)

∂V

)
h′(T ) +

(
∂2g(T, V,n)

∂T∂V

)
(143)(

∂2∆AiBj

∂nl∂T

)
=

(
∂g(T, V,n)

∂nl

)
h′(T ) +

(
∂2g(T, V,n)

∂T∂nl

)
(144)(

∂2∆AiBj

∂V 2

)
=

(
∂2g(V,n)

∂V 2

)
∆AiBj

g(T, V,n)
(145)(

∂2∆AiBj

∂nl∂V

)
=

(
∂2g(V,n)

∂nl∂V

)
∆AiBj

g(T, V,n)
(146)(

∂2∆AiBj

∂nl∂nk

)
=

(
∂2g(V,n)

∂nl∂nk

)
∆AiBj

g(T, V,n)
(147)

Moreover,

h(T ) = [exp(ϵAiBj/RT )− 1](σij)
3βAiBj (148)

h′(T ) = −ϵAiBj

RT 2
exp(ϵAiBj/RT )(σij)

3βAiBj (149)

h′′(T ) =

(
2 +

ϵAiBj

RT

)
ϵAiBj

RT 3
exp(ϵAiBj/RT )(σij)

3βAiBj (150)
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