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1 Introduction to PC-SAFT

PC-SAFT was introduced by Gross and Sadowski 2001 |1, 2|, and is given by adding up various
contributions to the Helmholtz energy

APC—SAFT _ Aideal+Ahard—chain+Adisp+Aassoc (1)

Since the initial papers of Gross and Sadowski, there have been numerous versions of PC-SAFT
published in the literature. We have chosen to implement sSPC-SAFT, which stands for “simplified
PC-SAFT”. The sPC-SAFT model is described in [3| has the same pure-component parameters as
the original PC-SAFT, has no appreciable loss of accuracy compared to the full PC-SAFT, but
employs simplified mixing rules. The simplified mxing rules translates to faster and simpler code,
especially when one wants to implement second order derivatives as we do. It is in our experience
also more numerically robust. The three quantities that differ between sPC-SAFT and the original
PC-SAFT are A48, o"% and gij; the functional forms for these quantities will be stated for both
of the equations.

1.1 The term A?ssec

The standard association expression common to all SAFT variant is used for A?%5°¢ namely
Aassoc XAl 1
T :ZnizonXAi— 5 +2> (2)
7 A;

where X 4, is the fraction of molecules not bonded at site A;, and is given by the nonlinear equation

1
(V)Y >p, XpANPI

X4 (3)

Here A4iBi is called the bond association strength, and is given by

AABS =Noyogijdis P fexp(etPi /KT — 1] (PC-SAFT) (4)
AAiB; :Navogaf’j/iAiBj lexp(eiBi kT — 1] (sPC-SAFT) (5)
The quantities o5, xA4Bi and €4iBi in (5) are binary parameters obtained by using mixing rules on

corresponding pure-component parameters o;, k5 and e4Pi. The radial distribution function
gij is usually more complicated for PC-SAFT variants than for CPA. It is given by

1 didj 3€2 < didj )2 2<22
i = PC-SAFT 6
i 1—C3+<di+dj>(1—C3)2+ di+d;) (1—-¢3)? ( ) (©)
o 1- n/2

9i5 = 1- 77)3 (sPC-SAFT) (7)

where .
Cn = Epzxzmld?a n= 07 17 21 3a n= <3 (8)
. di = o; [1 —0.12exp (—33)} . 9)

kT

Unlike CPA, the radial distribution function in PC-SAFT and sPC-SAFT is temperature depen-
dent, and thus has the potential of capturing more of the temperature dependence of the underlying
physics.
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1.2 The term Ahard-chain

The hard-chain part APard-chain jg oiven by

Ahard—chain N
W—ma y sz 7,_1 lngzz ) (10)

where the radial distribution function is given by egs. (7) and (9), and m is the mean segment
number in the mixture
n = Z Tim, (11)
%

and o’ ]\7‘2} is given by
hs _ 1 [3GG G <C2 > B ] ]
=G T a6 e Go | In(1 —G3) (PC-SAFT) (12)
s 4n — 3
o = H (sPC-SAFT) (13)

1.3 The term Adisp

For the dispersion part AYSP of the Helmholtz energy, we have

Adisp - -
T = —2mpli(n, m)m?ea3 — wpmCila(n, m)m2e2o3, (14)
where 7 = (3 (see equation (8)) and C is the so-called compressibility expression, defined as
. o Zhard—chain -1
Cl — <1 + Zhard-cham +p( 5 >) ) (15)
I
We have furthermore used the abbreviations
m2eg3 = inwjmimj%af’j (16)
4]
N
m2e2o3 = inxjmimj (%) ;. (17)

]

The parameters for a pair of unlike segments are determined by conventional one-fluid mixing rules:

1
5(0’1 +0j), €ij = /€65 (1 — kij), (18)

where the binary interaction parameters are regressed against experimental data. We note in
passing that tue to the functional form of PC-SAFT, one can implement asymmetric interaction
parameters. The quantities I3 and Iy are integrals approximated by truncated power series in
reduced density n:

O‘ij =

6 6
L(n,m) =Y ai(m)y’,  L(nm)=Y bi(m)y' (19)
i=0 =0
where the coefficients a; and b; are universal model constants given by
m—1 m—1m—2
a;(m) = ag; + ——a1; + — ——a; (20)
m m m
m—1 m—1m—2
bi(m) = bo; + ——b1; + — —Dbo; (21)
m m m

Finally, we mention that while the association contribution is essentially the same as in CPA, the
dispersion contribution AYP and the hard-chain contribution Ahard-chain are nothing like the semi-
empirical A’ term in CPA. They are theoretically founded contributions to the Helmholtz energy,
modeling a molecule ¢ as a chain composed of m; identical segments.
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2 Derivatives of ofard-chain(, T n) and adP(p, T,n)

This section documents the derivatives of the Helmholtz contribution coming from APard-chain 554

Adispersion - Talee note of the variable set we are using for ., namely (p, T, n), where n are mole num-
bers, not mole fractions. Having established that these are the variables used, we drop subscripts
on the derivatives.

We will present the derivatives in a modular, top-down approach. Any quantity is differentiated
in terms of the derivatives of the functions which make up the expression, without performing the
derivatives on these helper-functions. The formulas for the derivatives are complex, but the coded
derivatives have been tested validated through numerical differentiation. (But even if the coded
derivatives are correct, there may still be errors in the expression of this document.)

2.1 Derivatives of %P

a®P = _ompI (n, m)m2e03 — wpimCila(n, m)m2e2o3 (22)

disp
da =—2n|LL+p oL m2eo3—
Op ap (23)
T™m <lez +p <601) Ir + pCy <812>) m2e2g3
dp dp

dadisp oL L) —— oC 0l I —55=
5 =27 ] -7 —— + — | - —= 24
< - > 2 p{( T> T}mea pm [( >12 C’1< T) QClT]mea (24)

8adisp
< 5 > =—27p |:Il,nkm2€0—3 + Il(m2603)nk:|
N

(25)
o7 - -
—7p [(8;’:) Cily +mChp, 1o + mlegynk] m2e2a3 — mpmChla(m2e2o3),,

92adisp oI, 0L\ ——5
(T )= (2(5) +o(50))
oC, ol oCy\ [0l 92Cy 921,
9 Ip +2 9 bt Y g2
[ (f%) 2t Cl<3p>+ p( dp ) <8p>+p< op? ) 2+p01(302
- - m2e2o3
&2 adisp 1 oL ol N\ —5—
( oT0p > o [T <“p<ap>> * <6T> “(Map)] et
oI 2.2 .3
2rm | Cila +p oG I+ pCy [ 22 e
op T (27)
acl @ N 920, I
ar ) " P\ arap )
'°< o9 > <8T) “’(aT) (ap> e <0Tap>} e

(26)
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82 disp L -
< Bpom > =—927 [11,nkm2ea3 +1; (m2ea3)nk} — 2mp [Il,nkpm%a?’ 4 Il,p(m2603)nk
k

- ((f) <812)) (2,
(7)) o ()]

O - -
-7 [<8m> Cily +mC Iz + mCh 1o nk] m2e2a3 — mmCh Iz (m2e2o3),,
—Tp |:< > C’1 pI2 +mCy nkaQ + mCl,pIQ nk (28)
Om\ o g Crn I Cul 2250
oy Cilzp +mCip Iop +mCilop,, m2e2o3—

1\ 9
_ 4 801 IQ 80112
wpm{ T<<8T>I2+C'1 <8>>+ T2 + (29)
<8T>I2+2(3T> ((9) + C4 <8T2>} m2e2o

52 disp 821, On \| —— on\ ;] —
— _ _ 3 _ 1 _ 2 3 _
<8nk6T> 2mp [<8nk8T> T (ankﬂ me” = 2mp [(OT) T] (m2ea?)ny
P ((g;i) -m2e2o3 + m(m26203)nk) [(%?) L+, (gég) - 201;2} -
e ac,\ (0l ac,
mom [(Gnk8T> Ehs <8nk> <8T> -2 <8nk> T+
(a:r) <8nk> + (8nk8T) —74 <ankﬂ meeto

82 disp o - - L
(8nlank> =—2mp {Il,nknlm260'3 + I p, <m2€g3)nk + 11, (m2w3)m + Il(m2603)nknl] _

(30)

o7 -

T [((921) C11Iz +mCh 12 + mcl[2,nk:| (m?e20%), —
om om 7 7

0 || 5= | (Cimd2 + Cilap) + ({ 5 ) Crn L2 + MChnyn L2 + MCriny d2,)+
ony, Ony

om -
(<> Cilopm,, +mChp I, + mCIIQ,nkm)] m2e?od—

8711
mpmCila(m2€203),, n,—
om -
7Tp( an C11, + mCh mIQ +m01]2n )(m2€203)nk
l
(31)
2.2 Derivatives of o/
¢ = mah sz m; — 1) Ingl* = mal* — G, (32)

where we have defined the helper functlon G.
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Derivatives of the helper function G

aahs
ony,

+
S

<
)

o (5zm) ~ (37
)

0%ahs B 0*G
8nl8nk 871[87%

)
(

9°G L (Ogle\® | 1 (0%
<8p2> _;xi(mi_l) (o) < dp ) +gz~’;~5< op? )
el 1 [aghs\? 1 02ghs

T2
<§§§T>=Z%<mi—l>[ ( (55’%>+ (22)

7

(44)

(45)

(46)
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( 0’G > o my — 1 <ag,f;,§> n
opony, ) ngis op

sz(mz — 1) [—

1

G\ _myu—1 (09 n
oTony ) nge oT

Zjacl(mZ -1) [—

1

hs
Yii

hs Hals
9is >< ;s ) N
6nk

0
o (o

0
o (o

893-5
) (5e)+

1
gl

1

hs
m

< 82G > :mk -1 <8g}§,§> n my — 1 <8g”>
on;ony, ngl};z ony ngﬁs onyg,
1 dghs oghs
. P 1 _ 7 (13
+;xz(mz ) [ (ng)Q ( on, ) (ank
1 (oG _1/oG
n \ Ong n \ On;

2.3 Derivatives of o/

2.4 Derivatives of g;;

hs __ 477 — 3772
C(1—n)?
<8ah5> _2(n—2)
n (1 —mn)?
d%ahs\  2(5—2p)
< on? >_ (1—n)*
11— n/2
T a=?
(8gij) _ 5— 277
n (2(1=n))*
(82gij) _ 3(17 — 3)
on? (n—1)°

(

(

)+

82938

dpony,

62 glhis

T Ony,

1

i (

)] -

)] -

82 gzhis
Bnlank

()

e,
T

)

)

(53)

(54)

(55)

(56)

(57)
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2.5 Derivatives of m2es3

Define the constant D;; = m;m; S 3 . Note that D;; # Dj; if ki; # kj;.

m2eod = g zix;Di; /T

m2eg3

T

(m2ec®)p = —

n ,n2 T
1

m2eos
T2

(m2eo?)pr = 2

(120%) 1.0, = (Pe)y, /T

(72 3) o 2(m260'3) 2(m260'3)nl Z 277,2 le —|— Dkl ile —|— Dkl
TET I ngm = n? B n B - n3 T n2 T
2.6 Derivatives of m2e203
Define the constant E;; = m;m; (E;C ) . Note that E;; # Ej; if ki; # kj;.
m2620'3 = Zﬁfz‘m'jEij/TQ
i7j
- 2.2 3
(m?e203)p = o ;U
—— —2(m?2e?03) n; Fip + By
2 3 _ 7 7. 1
(o, = ) 5 B
m2eod
(m 6(73)TT =6 T3
(m2ea®) 7, = (Mm?e03)p, /T
—— _ 2(mPecd)  2(mPeod)y, 2n; Dix + Dii | 1 Dig+ Dy
(m?eo )nk,nz = n2 - n - Z n3 T2 + n2 T2

%

(59)

(62)

(63)

(64)

(65)

(68)

(69)
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2.7 Derivatives of I; and I,

6 6
L) =S amn’,  hinm) =3 bi(m)y
i=0 =0
Iy = T1pmp
Iy p = Iz,
L= Lynr

Iy = Iyt

6
Il,nk = ai,nknl + Il, Ty,
n
=0
6

I2’nk - Z bl?”knl + 1—277777774@
i=0

Iy pp = Il,ﬁpn/ZJ + 11,07pp

Iy pp = I2vpp772 + 12,57pp

6Loyr = I pynpnr + Dy gnpr

I yr = Lo pynpnr + L2 gnpr

6
Loy = Z @i + T Mo + Tonlpn,
i=0
6 .
I pn), = Z biny ' 0+ Loy ing Tp + T2.Tpm
i=0

Lt = Loy + Lornrr

Lyrr = Ly + Lrnrr

6
Lirne = Y @i’ e + Dy e + D,
=0
6 .
I2,Tnk = Z bi,nkinl_lnT + IQ,T]T]nnknT + 1277177Tnk
1=0
6 . .
Iy, = Z(ai,nmknl + inlil[aivnknm + aimmnk]) + L1 nTng iy
=0
6

Loy, = Z(bi,nmkni + ini_l[bi,nk Ny + bigny Mg ]) + Loy, 1y
i=0
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Auxiliary derivatives

6
I _ . 1—1
1,n — 1a47] )
i=1

6

Ty = ZZ(Z — a2,

1=2

2.8 Derivatives of a; and b,

- 71— 2
a;(m) = ag; + al; + —— —ay;
m m
. n—1  m—1lm—2
bi(m) = bo; + bii + —by;
m
m m 4
iy, = mn; a; + _n; <3 - m> ag;
7 nk 7 Tk 4
bing = —5b1i + —5 (3 - m> b2;
My, T 12
Aingn, = 7;%3 - (—20,12‘ — 6ag; + ma2i>
My, M 12
bijnny = —= 3 = <_2b1i — 6bg; + _b2i)
m m

All other derivatives are zer

2.9 Derivatives of (]

C) = <1+m

0%Cy
0p?

( 0*Cy

0pdT

(

0.

8n — 2n
(1—mn)*

0%Cy
oT?

)

2

)=

<8201

9*Cy

on?

on?

_m)

20m — 27n? + 121 — 2n*

(1 —=m)?2(2-mn)?

0Cy )
=\,

X

(90)

(92)

(93)

(96)

(97)

(99)

(100)

(101)

(102)

(103)
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Auxiliary derivatives

(104)

_m)

acl> 2(—4n2+20n+8
— | ==Cim +(1
(377 (1—mn) (

=—-07
P01\ _ 2 (901
o2 ) Cp \ on

(—8n +20)(1 — n) + (—4n? + 20n + 8)5

213 4+ 1202 — 48n + 40>
(L=m)32-n)?

—Cim
' (L—n)°
o1 m) (67% + 24 — 48)(1 — 1)(2 —n) + (20° + 121> — 487 +40)[3(2 — 1) + 3(1 — n)]
' (1—mi2—n)?
(105)
2.10 Derivatives of (,
Cn = %Pzﬂﬁzmzd? (106)
Cup = > wimdy (107)
P 6 - )
0 =0
Cn,T = 1 " (108)
son >y eomdydir n=1,2,3
17 n Cn
Gy, = ﬁgpmkdk T (109)
gmpp =0 (110)
Cn,pT = Cn,T/p (111)
Cn,pnk = Cn,nk /p (112)
0 n=>0
Conrr = { §PN Do Tiidi T n=1 (113)
Ton D ; Tim; [(n - 1)d?‘2d2T + d?_ldivTT] n=23
0 n=>0
n,Tng = 114
n Ty {gpn (L —2x) midy 'dpr n=1,2,3 (114)
Cn,n +€n7n Cn
Cn,nknl - _ﬁ + ﬁ (115)
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2.11 Derivatives of d;

di = o; [1 —0.12exp (—3%)} . (116)
8di 0.36¢; 53
<6T> = = taiexp (—3ﬁ) (117)
0%d; g\ (0.72¢; 1.08?
(8T2) T oiexp (_3/@7) ( kT3~ R2TH ) (118)

The other derivatives of d; are zero.

3 Derivatives of Aasso¢

In the following we will document the derivatives of F2°°(T,V,n) = A*%°°(T,V,n)/RT up to
second order.

3.1 The () function and its relation to F255°¢

Define the function

1 B,
QT V,X) =YY "ni(InXa, — Xa, +1) - o SN niniXa,Xp ANP (119)
i Ay ,j AqBj
Here A4iBi = AAiB; (T, V,n) is the bond association strength. If X solves the equations
oQ ) 1 1 AB;
(ax) (T,V,n,X) =0, ie. Sons - ;;anBjA i=0 YV Xu. (120)
J

then the resulting solution X = X (7', V, n) is such that!
F*04T, Vin) = Q(T,V,n, X(T, V,n)). (121)

We now clarify the notation used below in the expressions for the derivatives. Given a differential
operator 0, we will in the following use 0Qs, to mean (0Q)(T,V,n,X(T,V,n)). For example,

(6(;9;”) = (%) (T,V,n,X(T,V,n)). Moreover, to avoid subscripting every partial derivative to
show which variables are fixed, we agree once and for all that F2%°¢ has (T, V,n) as independent

variables, while @ has (7', V,n, X) as independent variables. The equality (121) can also be stated
as [r%°0¢ = Q|X:X(T,V,n)-

3.2 First-order derivatives of [a@sse¢
We find that
O Fassoc 0Qsp 0Qsp 0X 4,
( v > < oV ) +ZZ<8XAZ,> ( oV )
0Qsp

i A
aC)sp
ov )’
since ( 3 XA-) = 0. Similarly, we have

aFaSSOC B aQsp and aFaSSOC B 8Qsp
oT o\ o7 ony, S\ ong )7

"Where F*5°¢(T,V,n) = A®(T,V,n)/RT and A" is the association contribution to the residual Helmholtz energy.
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3.2.1 Volume derivative

aFaSSOC B aQSp
(5)- (%)
1 AAiB; OAAB;
DB (5]

3.2.2 Temperature derivative

aFassoc B 8@5
(%)~ (%57) (29

1 INAB;
4,j A Bj

3.2.3 Composition derivative

aFaSSOC _ 8Q8p
a’l’Lk N 8nk

1 ,
= (InX4, — Xa, +1) - v D niXa, Xp AMP (124)
Ay j Ag,Bj
1 ONAAiB;
_ WZ Z nin; Xa,Xp, < o > (125)
ij AiB; k
1 HAAiB;
=> InXy, - WZ > nin; X4, Xp, ( o > : (126)
Ay ij AiB; k

3.3 Second-order derivatives of [@ssoc

Let the variables (i, (2 each equal one of the scalar variables in (7', V,n). Recalling that

aFassoc B @
( PR > (T,V,n) = <8C1) (T,V,n,X(T,V,n)),
we get
0?2 Frassoc o HJrassoc
<6C2<"9C1> ks (%) (127)
_ (20 82Qsp> <8X>
B <5C23C1) * <8C18X G ) (128)

We once again stress the meaning of our notation: in the first term of (128), X is to be treated
as a constant when the cross-derivative is taken. Now, the expression (128) involves the derivative

0X/0(2. To find this derivative, we differentiate the defining relation for X (7, V,n), namely

(g—go = 0. Doing this (and taking care to transpose vectors correctly), we get

_ 9 (0Qs . 0%Q, OX\? 9%Q,
0= G < 8Xp> B <axagp2> + <a<2> ( aXf) ; (129)
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yielding
X 2 i -1 2 i t
X\ [(0°Qy 0°Qsp \ (130)
¢y 0X? 0X o
In conclusion, the formula for the second derivative is obtained by combining (128) and (130):
82Fassoc _ 82Qsp B aQQSp aQQSp -1 aQQSp t (131)
0:0¢ ) \0¢oG 0¢10X 0X?2 0X0¢ )

Or, if one prefers summation notation:
(82Fassoc> _ (82Qsp> B Z Z ( 82Qsp ) (aQQsp) -1 ( 62@5;} > (132)
9C20G 9G0G 7 A, \000Xy, 0X? i \0XB; 0 '
a 82AA B;
< a7 > ZanJXAXB ( 972 >

1,5 A, Bj

02Qsp 1 1 [ OAAB; 92 AAB;
(amv) =57 2 2 niniXa X, [V( aT ) N < aTov )]

4, Ai,Bj

3.3.1 Formulas for

J Akaj
1 82AAlBJ
T2 2 e (o )
7, i,Bj
Qup 1 2AAB; 9 /9AAiB; 92 AA:B;
= a1 i Xa1.Xp. | ——m—— 0= )y _ (==
<8V2> 2V;AZBnnJ Ay BJ[ V2 +V< Gl > < V2 )]
7, i,Bj
0*Qsp ANB; 1 9AMB;
5o | = XA Xp | ——— — —
<8V8nk> EJ:AE% njaA A, BJ|: V2 V< oV >:|
B,
1 1 /HAAiBi 92 A\AiB;
- nXaXp |l=— )= =——1].
Fav 2 2 e v (o) - (Gvom )|
1, i,Bj

82@817 _ 1 AkBl aAAlBJ
(m) == 7 3 X Xod™ = 3 52 ik, (255

AkaBl ] Al:
1 OAARB; 1 2 AABi
X X s, () < ap 2 3w Xa, (G
J Ax,Bj i,j A;,Bj

These derivatives are all found by performing one more differentiation on the first-order derivatives
0Qsp

ony,

we found in section 3.2. However, when taking an additional derivative of ( ), we have to

take care to differentiate the expressions on (124) and (125), and not the simplified expression
(126). This is because the supscript sp means that X (7', V,n) should be substituted in after all
the derivatives have been performed.
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92Qs
3.3.2 Formulas for (m)

We have

0@ _ n; n; A;B;
J

and thus

82@3 3AAB
<8T8X1j4i> N ZZ”]XB ( )

0*Qsp 1 ap 1 [OAAB
(avaXA) - nl;;n”XBf [V?A T < ov )]
J

PQsp n; ABi_ OATEs

3.3.3 Solving for (W) and (82@5? ) simultaneously

2
The derivatives (g—)‘;) and (88331’) are needed in the Newton iteration when solving for volume

given pressure, temperature and composition. When both of these are needed, one wants to first
2
solve for (g—)‘f) from (130), and then use (128) to find <M>, and therefore a dedicated routine

V2
for this has been implemented. To obtain (g—)‘ﬁ), we solve the linear system
aQQsp aix _ aQQsp ! (134)
0X2 ov ovVoxX ) -
where?
TG\ A;B;
B — AP, 1
<8XA 0Xp, > AiB; 14 (135)
Having found this derivative, we find (—5) from (128)
H? [rassoc 82Qsp 82@517 oXx
—— | = — . 136
< oV ) ( e >+ <6X8V> <av> (136)

3.4 Derivatives for A%Pi(T,V n)
We now address the association part of PC-SAFT. In this section, we will use the notation §4i5
instead of k4B,
ANBI(T,V.m) = g(T, V,n) - [exp(e'P1 /RT) —1)(0y5)? 5P (137)
=g(T,V,n)h(T) (138)

2Note that only the diagonal of (axAia%() is dependent on X.
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AiBj o;; and 54iBj are constants. The first derivatives are thus given by

(%57 = am vy + (ZRALLR) s

< HAAiB; ) _ <8lng (V,n) >AAiBj

<‘9AAB ) — <81ng(V,n)> AAiBj

Bnk 8nk

where €

while the second derivatives are given by

(o) = smvimpery o2 (2T iy o (TR i

oT? oT oT?
D2 NAiB; og(T,V,n)\ ., 902¢(T,V,n)
<8V8T)_< oV )h(T)+( oTaV )
O?*AABiN  (0g(T,V,n) W(T) + 0%g(T,V,n)
onoT ) ony oTon
ov?2 - ov? g(T,V,n)
52 A\AiB; B 82g(V, n) AAiB;
éml@V N 8n18V g(T, V, Il)
a?AAiBj B 829(‘/’ n) AA'LB]
omony, )\ omony, ) g(T,V,n)
Moreover,
W(T) = [exp(e!Pi /RT) = 1](0y5)* B4
/ i A;B 3,A:B
W(T) =~ exp(eh™ RT) (03 547
cAiBj\ (AiB;
W) = (24 G ) S exp(e IR0
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